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PREFACE. 



No branch of pure Mathematics presents more to interest 
and improve the mind of the ma.thematical student, than 
Analytical Geometry. Uniting the clearness of the geome- 
trical reasoning, with the brevity and generality of the al- 
gebraic, it not only satisfies the requirements of the closest 
reasoner, but gives continued and increasing pleasure, by 
the elegance with which its varied results are deduced and 
interpreted. 

In preparing this treatise the Author has endeavoured 
to preserve the true spirit of Analysis, as developed by the 
celebrated French mathematician, Biot, in his admirable 
work on the same subject, while he has made such chan- 
ges, both in the arrangement of the matter and the methods 
of demonstration, as he believed would render the whole 
more attractive, and easily acquired by any student pos- 
sessing a knowledge of the elementary principles of Alge- 
bra and Geometry. 

In discussing the Conic sections he has preferred to con- 
sider the Parabola first, not only for the reason that the pro- 
perties of this curve are more simple and moj^e easily de- 
duced than those of the others, but because, by this course, 
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he was enabled lo treat of the Elhpse and Hyperbola to- 
gether, thus avoiding much of the repetition of words, which 
necessarily arises from their separate discussion. 

Although the treatise has been prepared with special 
reference to the wants of the Author's own classes at the 
Military Academy, he trusts that it will be found accepta- 
ble and useful to all, who are disposed to advance in the 
higher branches of Analysis. 

Those who desire to make the subject as practical, as 
may be, will find in the last article of the work a large num- 
ber of e 



U. S. Military Academy, 
Wesi Point, N.Y., July 1, 1861. 
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ANALYTICAL GEOMETRY. 



DETERMINATE GEOMETRY. 

1. Geometry, in its most general sense, lias for its object, not 
only the measurement, but the development of tbe properties and 
relations, of lin^, surfaoes, and solids. 

This object may be attdned, either by operating directly upon 
the m^nitudes tbemselvcs ; or, by representing them and their 
parts, by algebraic symbols, and operating upon th^e representa- 
tives by the known methods of Algebra, thus deducing results es- 
sentially the same as those which would be obtained by the direct 
method. As the reasoning employed is much generalized, and 
operations are much abridged by the application of Algebra, the 
latter method evidently possesses many advantages over the 
former. 

This latter method, which is AnalyticaZ Geometry, may be de- 
fined to be : That branch of Mathematics, in which, the magni- 
tudes considered are represented hy letters, and the pr(^perties and 
relations of these magnitudes made Jcnown hy the application of the 
varioiia rules of Algehra. 

Analytical Geometry may be Deterrainnte, or Indeterminate. 
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Determinate, vihen it liaa for its object tlio solution of determi- 
nate problems, that is, of pioblems, in which, the g^ven conditions 
limit the numbei, and "ifloid the means of deducing the values, of 
the reqmred parts 

Indeterminate, wlipn it has for its object the discussion of the 
general picperties of geometiical magnitudes. 



2 (reometrical magnitudes may be represented algebriucally, 
n two ways 

Fust The migmtudps may be directly represented by letters ; 

jl — —-3 s 89 the line AB, g^ven absolutely, may be re- 

prnsented by the symbol a. Likewise, tlie 
'.quare AC, may be represented by the sym- 
bol A ; or better by the symbol a*, a being 
the representative of the side AB. Also, the 
rectangle ABC'D' may be represented by the 
symbol B ; or by the product ah, a and b be- 
ing the representatives of the sides AB and 
BC' ; or more properly by'c^, o representing 
tlie side of a square equivalent to the rectan- 
gle. In the same way, a cube would be re- 
presented by d', a being the representative of 
one of the edges ; and a rectangulai- parallelopipedon by ahc or 

And in general, we thus represent a definite portion of a line, 
whether sti-aight or curved, by a single letter or expression of the 
first degree ; a surface by the product of two lettera or an expres- 
sion of the second degree ; and a solid by an expression of the 
third degree. ■ 

Second. Instead of representing the magnitude directly, the al- 
gebraic symbol may represent the number of times, that a given, 
or assumed imit of measure is contained in the magnitude ; as, 
for the line AB, a may represent the number of times that a 
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known unit of lengtJi is contained in it ; and <^ and ah or <?, the 
number of times that a squai'e wLose side is the unit of length, is 
contained in the given square of rectangle ; and o? and abc, the 
number of cubic units contained in the giyen cube or paralielopi- 
pedon. 

Since, in this case, the algebraic ajTnbok represent abstract 
numbers, any algebraic expression, thrra composed, is called an 
abstract expression or equation, to distinguish it from one in which 
the direct representatives of the magnitudes enter. Since a line 
is always represented by on algebraic expression of the first degree, 
such, expression is called linear. Also, a linear equation is an 
equation of the first decree. 



3, From what precedes, it- is evident, that any abstract expres- 
sion may be changed into one in which tie direct representatives 
of tlio magnitudes enter, hy substituting, for tlie representative of 
each abstract number, the repi-esentattve of the magnitude divided 
hy the rspreaentative of the unit of measure. Thna in the expression, 

x=^ a + b, 
X, a and b representing numbers ; if we substitute for them, their 
equals — -, — , — , X, A and B being the direct representatives 
of the magnitudes, and I that of the unit of measure, we have 

X = A,B or X = A + B. 
I I ^ I 

Ta tile same way, the abstract expression 

may be changed into tlie corresponding one, 

5. = A ii 4. £ or Xi = AB + C(. 
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4 nUTEUMIKATK GEOMETIty. 

It should be remarked, that every expression of this kind must 
be homogeneous, else we should have magnitudes of different 
kinds added or subtracted or equal, which can not be. 

4. After having deduced a result, by the application of algebra 
to a geometrical proposition, it will be neeessary to explain this 
i-esnlt geometrically, that is, to draw a geometrical fig^we, each of 
the parts of which shall have its representative in the algebraic 
expression, and also have the same geometrical relation to the others, 
as that indicated in the expresm,on. This is called constructing the 
expression. 

Examples. 

1. Let « = a + 6. 

If a and h are the direct representiitives of right lines, x will be 
the representative of their sum. To construct it, take the Hue re- 
presented by a, in the dividei-s, and from any point A, on the 

^ indefinite line X'X as a point of 

begmmng, or ongia, lay off AB 
equal to this distance, then from B lay off BC equal to the line 
represented by 6, the line AC = AB + BC will evidently be 
represented by x. 

Or if a and h represent numbers, lay off from A, a times the 
unit of length, then from B, h times the same unit, and, as before, 
AC will be the line represented by x. 

2. Let X = a - h. 

From A lay off AB ^= a, then from B lay off, toward;* A, the 

„^_^_^____^____ distauwi BC = h ; 

X- c A C 3J X AC = AJ3 - BC 

will be the line represented by x. 
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BETERMINATi! GEOMETRV. 5 

If a ^ b, X ivill 1)6 equal to 0, tlie point C will evidently 
fell on A, and there will be no line. 

If 5 > a, X will bo essentially negative, the point C will 
fall on the left of A, as at C, and AC, laid off from A to the left, 
will be represented by x. Thus, we see an illustration of the 
principle taught in Trigonometiy, that if lines having the positive 
sign are estimated or laid off in one dieedJon, those having the 
negative sign must be estimated in a contrary direction. 



3. Let X — —. 

In this ease a; is a foarth proportional tci c,a and 6, i 
constructed. Draw any two right lines 
making an angle ; on one, from theu' 
point of intersection, as an origin, lay off 
the distances AC = c and AB — a ; 
on the second, lay off AD = h ; join the points C and D, and 
through B draw BX parallel to CD ; AX will be the lino repre- 
sented by X. For, we have 

AC : AB : : AD : AX or c : a : : 5 ; AX 



4. Let X = '^. 

de 

This may be put under the form 
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: g, and construct g as above, then we have 



whioli iDay be constructed in tJie same way ; and so with any ex- 
pression, in which the number of factors in the numerator is one 
greater than in. the denominator. 



5. Let X = Vab or x^ = ab. 

In this case, « is a mean proportional between a and b. To 
construct it : On any riglit line, lay off AB = a ; from B lay 
off BO == S ; on the sum, AC, describe a 
semi-eirole, and at the point B erei^t BX 
perpendicular to AC. The pait EX, in- 
cluded between the diameter and i.iicura- 
ference, will lii the hno lepreiented by t. 
For from a known property of the circle, ti e ha^ e 

5^ = AB X BO or BX = V^ = s:. 



6. Let 



v^ 



Place — =. g and construct it as in example 3, then we have 

which may be constructed as above. 

7. Let % = Va* + fi* or a* = a= -^ Ifi. 
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Ill tliis case, a is iho Jiypotlienuse of a right angled triangle, tte 
two sides of wHcli ars a and 6. Therefore, draw two lines form- 
ing, with eacli other, a right angle : From 
the vertex, A, on one, lay off AB = a ; 
on tlio other, lay off AO = 6 ; join B 
and C, the line BG will be represented by 
X. For -we have 

BO^ = AB' + AG" or BC = V^T+H^ = x. 

8. Let X = V^~^~K 

From A, in the last figure, lay off AC = S ; then from C as a 
centre, and with CB =: a as a radius, describe an arc cutting AB 
in B ; the distance, AB, will be represented by x. For 



Vbc^ 



0. Let X = Va^ + i= — cK 

Place a' -\- b^ ^: ci^, and construct g as in example 'i ; then 



wMch may bo constructed as above. 
10. Let X = V^+^. 



11. Let 






Ho.t.rlbyGoOgle 



8 DETERMINATE 

5. Lot US now construct the roots of the four forms of equations 
of tlie second degree. The first, 

a' + 2<m; = &*, 

gives the roots 

■j: = - a + Vh' + a" x = - a - Vh^ + a.\ 

From any point, as A, lay off AR = S ; at B, erect the per- 
pendicular EC = a, then as in 
example 7 

A(J = Vh^ + a\ 

Now from 0, as an origin, lay off 




AC - CD = Vft= + «=""- 

will be represented by the first value of x. 
From E, lay off EC = a, al: 



will be represented by the second value of x. 

The given equation may be put under the form 
x{x + 2a) = 5», 

from which we see that S is a mean proportional between x and 
X + 2a, and this relation will be satisfied by either of the above 
iines AD or - EA. First, by substituting AD for x, wo have 

AD(AD -)- 2a) = J» or AD(AD + DE) == AB*- 

as it should be, since AB is a tangent, AD + DE = AE, a 
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mt, and AD its external part. Second, by substituting — EA 



— EA(- EA + 2o) = h^ or EA X AD ^ AB- 
The second, 

a» — 2aar = 6', 
gives the roots 

ar ^ a + Vb^ + < ^ = a - Vi" + a'. 

Construct as before, AC = Vb^ + a"; then from C lay off 
CE = a, and 

AC + CE = Vb^ + a' + a = AE, 

will be repvesentftd by the fast value of x. 

From D, lay off DO = o ; then from C in a contrary di- 
rection lay off CA = Vb^ + a\ and 

DC ~ CA = a - Vfi'' + ^ = - DA 

will be represented by the second value of x. 

Tlie given equation may be put under the form 

^{x ~~ 2a) = !>% 

which will evidently be verified by the substitution of either AE 
or - AD. 

It should be observed that the values, just constructed, are the 
same as those for the first form, with their signs changed. This 
should be so, siuce the first form will become the second by 
changing x into — x. 
The third 

x^ + 2a« — — &^ 
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the line AA' lay off the distance 
■ect ■ihe perpendicular DC = 6 ; 
from C as a centre, with CB = a, 
as a radius, describe the arc BB' 
cutting the line AA' in B and 
B' ; join these points with C and 
1V6 shall have DB = Va^"^=^ 



— AD + DB = - a + -l/^' - 6^ 

- AD — DB = - a - Vfl= - b^ 

will be the lines represented by the values of x. 
Tkefourtk, 



■ -/a^ — h% 



From A', as an origin, lay off A'D = a, and make tJie si 
construction as for the third form. We thus have 



for tie lines represented by the valnes of x. 

If (t = 6, both valnea of a; reduce to a ■= A'D, In this 
case, the circle does not cut the line AA', but touches it at the 
point D, and the distances BD and B'D become 0. The same 
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supposition, in the third form, reduces both values of s: to 
— AD. 

If a <; 6, tho values of (c become imaginary in both forms ; 
the circle neither cuts nor touciies the lino AA'. and the imagina- 
ry roots admit of no construction. 

DETERMINATE PROBLEMS. 



6, A thorough knowledge of the preceding principles, will rea- 
der the solution of all determinate problems simple and easy. 

Problem 1. Ina given triangle, to inscribe a square. 

Let ABC he the triangle. Represent its base, AB, by h, and 
its altitude CG by k. Suppose tte problem to 
be solved, and that ODEF is the required 
square, its unknown side DE :=^ EF being 
represented by x. Since the side DE is paiallel 
to AE, we must have 



AB : DE : : OG : GH 



: h : h ■ 









bk 



hence a: is a fourth proportional to b -\- k, b and k, and may 
be constructed as in example 3, Art. (4). Or better thus : Pro- 
duce the base AB until EL = A ; 
at B and L erect the perpendiculars 
BN and LM ; make LM = A and 
join M and A ; the part BN cut off 
on the first perpendicular will be 
represented by 



For, since BN" is parallel to LM, \ 



AL : AB : : LM : BN" 



b + h : I 



: A ; BN" 



Ho.t.rlbyGoOgle 



BN = "" = X. 
b + k 

Therefore, through N^ draw KD parallel to AB ; let fall tho 
perpendiculare EF and DO, and the Bijuare ODEP will be the re- 
quired square. 

The value of x, and the construction of 13N, will evidently be 
the same for all triangles having the same base and equal alti- 
tudes. If all the angles of the triangle are acute, the square will 
lie wholly ■within the triangle as 
in the above figure. If there is 
one light angle, two sides of the 
square will he upon the sides of the 
triangle as AD'E'F'. If there is 
^" -^ one obtuse angle, part of the square 

nl part "svithout the tiiangle, as 0'D"E"F". 




will lie with 



7. Problem 2. In a given triangle, to inscribe a rectangle, ike 
ratio of wliose adjacent sides is known. 

Let ABC be the triangle. Let AB = 6 and ' CG = A, 
and let the known ratio of the sides of the rect- 
angle be denoted by r. Suppose the problem 
to bo solved, and that ODEF is the required 
rectangle. Denote the unknown side DE, by ji, 
and DO by x ■ then by the given condition, 







...(1). 



Since DE is parallel to AB, we have 

AB ; DE ; : CG : Oil or i : ij : : h : h - x 

whence 

hj r= hh — bx. 

From this, by substituting the value y = rx, taken from 
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equation (1), w 









b + rh 
tie liaso AB iiiiti! 




To construct this value of 
BL = rh ; through L draw 
US. parallel ta EC until it 
meets CM parallel to AB, in 
M ; join M and A ; at the 
point E^ let fall EF perpendic- 
ular to AB, it will be the re- -^ " -^ -" j- j^ 
quired line. For, since the triangles AEB and AML are similar, 
their bases ivill be to eacb other ss their altitudes, and we shall have 

AL ; AB : : MP : EF or b + rh : b : : k : EF 

whence 

^ b + rh ^ ''' 

Therefore, through E draw ED parallel to AB, and let fell the 
perpendicalars EF and DO ; ODEF will be the required rectangle. 
If f = I, the sides are equal, the rectangle becomes a square, 
and we have the same value for EF as in the preceding article. 



a straight line tangent to iwo giiie- 



8. Problem 3. To dra 
circles. 

Since the two circles are given, both in extent and position, we 
know their radii and the distance between their centres. 

Let us denote the radius, CM, of the first circle by r, that of the 
second, CM', by, r', and the 
distance between their cen- 
tres, OC, by a, and suppose 
that MM' is the required 
tangent and denote the dis- 
tance CT by <c. 
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ATE GEOMETRY, 

There are two eases : 

First; when tlie tangent does not pass between the circles. 

Since the radii drawn to the poiiite of contact, M and M', must 
be perpendicular to the tangent, we have CM parallel to CM', and 
hence the proportioa 

CM : CM' : : OT : C'T or r : r' : : x : ^ - a. 



To construct this value of k : Through the centimes C and C, draw 
any two parallel railii 
CK" and C'N', on the 
e side of CO' ; join 
their extremities hy the 
line NN' and prodnce 
it until it meets CC in 
T ; OT will be the line 

represented hy .r. For, draw N'O parallel to CC, we then have 

NO : NO : : ON' : CT or r — r' : r : : a : CT 



Therefore, through the point T, draw TM tangent to one of the 
circles, it ■will be tangent to the other. 

If r > r', the value of a: is positive, and the point, T, will he on 
the right of C. 

If r =,r', the two circles are eqiial, the value of x reduces to 
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DETERMINATE 

tlie point T 18 at an infinite distance, and tlio tangent is parallel to 
CO'. 

If r <i t', the value of a> is negative, and the point T is on 
the left of C. 

If J- = 0, X will be 0, fte first circle becomes a point, and 
ike tangent is drawn from tbia point to the second circle. 

If »■' = 0, X will reduce to a, the second circle becomes a 
point, and the tangent is drawn from tbis point to tbe first cii-ele. 

If r = and r' ^ 0, llie value of x reduces to — , 


an indeterminate quantity, eaeb circle becomes a point, and tlie 
tangent coinddes witb CC. 

Second ; wlien ike tangent passes 

In this case as in tbo other, 
the lines CM and CM' are 
parallel, hence, the triangles 
MCT and M'C'T are similar, 
and we have the proportion 




CM : CM' ; : CT ; C% 
whence 



r + r' 

To conatrnet tbis r Through C and C draw any two parallel 
radii, on different aides of CC ; 
join their extremitJea by the 
line NN' ; CT will be the line 
represented by x. For, through 
W, draw N'O parallel to OC, 
then we have the proportion 




NO : NC : : OW : OT, 



I : CT, 
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The value of x is positive for all values of r and r' ; reduces to 
_ when r ^= r' ; to when r ^= ; to a when r' = 0, 



9, Problem 4. To construct a rectangle, knowing its area and 
the differerwe between its adjacent sides. 

Let a* denote the given area, Art. (2), and d tlie difterence be- 
tween the sides. Let x denote the least side, then x -{■ d will 
denote the greatest, and since the rectangle of these two sides lawst 
equal the given area, ive Lave 

a {.r + (0 = "' or ^ + ./^ = a= ; 
whence 

If wc take the first value 

d , /" "^ 

and add d to it, we have for the greatest side 

To construct those values ; Make AB =: a ; at B, erect tl.t- 
perpendicular BC ^ — , we sliall 




have, Example 1, Art. (4), 
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AC, fclie CD : 



l.v^^ 



To AC, add CE r= 






and the rectangle AE x AD = o= will be the required roct^ 
.„glo. 

If we take tho second value 



and add d to it, we liave for the greatest side 

By examining these values, we see, that the expression for the 
least side, taken ■with a negative sign, is the same as that for the 
in the first case. Also, that the expression for the 
, taken with a negative sign, is the same as that for 
the least side, in the first case. Therefore we have, in tlus case, 
— AE, far the least side, 
— AD, for the greatest side, 
the product of which is evidcatly positive and ei^ual to 
AB* = a\ 

It should be observed, that it is only in an alg'obraic sense, 
that — AE ia less than — AD, its numerical value being 
evidently the greatest. 
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18 DETEHMIB. 

It ia also evident, that tho two rectangles ihtia det«nnined are 
absolutely equal, or that in reality there ia fcnt one rectangle which 
will fulfil the required conditions. Why then, it may be asked, 
do these conditions lead to an equation of the second degree ? To 
this it may be answered, that in Algebra, properly applied, not 
only are prohlems solved in their most general sense, every pos- 
sible solution being given by the equation, which ia the algebraic 
statement of the problem ; but also, whenever Ihe conditioia of a 
problem, expressed in two independent ways, give rise to the same 
equation, this equation must give an answer corresponding to each 
mode of expressing the conditions ; that is, must be of the second 
degi'ee, and it will ilius be impossible to ai'rive at one solution dis- 
connected from tlis other. 

Thus, in the above problem, should we represent the greatest 
side by — a;, the least would be represented by -_ s; — . d, 
and their product give 



M- 



- d) -- 



' + < 



the same equation found before ; hence, this equation ought not 
only to give the least side, as at first proposed, but also another 
vtdue of X, which taken with a negative sign, will represent the 
it side of the rectangle. 



10, Prohlmn 5. To divide a given straight line into extreme 



Let AB = (i he the given line. It is to be divided into two 
parts, such, that tho greater shall be a mean proportional between 
the whole line and less 
part. Denote the greater 
part by X, then a — x 
will denote the Iras part, 
■^ ^ and the condition will give 




. (« - 4 



' + < 
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V7T|, ..-|-V= 



wliioh may be constnicted precisely as io tlie preceding problem, 
tlie first being AD aiid the second — AD'. Witb A as a 
centre, and AD as a radius, describe tbe arc DF, the line will be 
divided in the required ratio at F, AF being the greater part. 

The second value of ck — — AD' is nnmerieally greater 
than AB. It can then form no part of it, and can not be an 
answer to the proposed question. But if we substitute it for x in 
the first equation, we have 

(- AD')' = a [a - {- AD')] or AD'' = a {a + AD') 

that is, AD' is a mean proportional between AB and AB + AD'. 
Since this second value of x is negative, we lay it off to the left of 
A, and thus construct the point F', the distance from which to A, 
is a mean proportional between its distance from B and the length 
of tlie given line. 

Moreover, we see that the second, as well as the first value of 
3T, is a solution of the more general proposition, " Two points, A 
and B, being given, to find, on the indefinite line which joins 
them, a third point, the distance from which to tlie first shall be a 
mean proportional between its distance from the second and the 
distance between the two." To this proposition there are evi- 
dently two solations, F on the right of A being one of the points, 
and F' on its left, the other. Thus, the problem at first proposed 
being a particalaj- case of a more general one, its soliition, in 
accordance with tlie principle l^d down in the preceding article, 
must necessarily draw with it that of the other case, thus giving 
rise to an equation of the second degree. 



11. ProWem 6. Thron-gh a ffivenpoint leUJwut a given anijlc, 
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to draw a straight line, cutting the sides of the angle, so that the 
sum. of the dislarttes from the points of inlersectimi to the vertex, 
shall ie equal to a given line. 

Let YAX be the given angle, and M the given point. Produce 

AX to the left, and let the two distances MP' and MP he repre- 

sented by a and b. Denote the given 

jf- / line by c. Suppose MN to be the re- 

/'^\g/ quii-ed hne, and denote the two un- 

/ /!^\ known distances, AN by x and AO 

/i JV X Ijj y^ Then from the condition of 

the problem, we have 

AN + AO = c or a; + y = c (1). 

Bnt since MP is parallel to AO, we have 

PS" : AN : : PM : AO, or a + x : x :: h : 7j; 

whence 

y (a -h x) = bx. (2). 

Substituting the value of x, deduced from equation (1), we have 
y {a + c -- y) = b ic - y) 

or 

y {a -^ c + b — y) = be. 

This being an eqnation of the second dcgiee, its loots may be 
deduced and constructed as in Art, (5). But by exammrog it, in 
its present form, we see that Vic is the ordinate of a circle 
ivhose diameter is a + c + S, and the cotreaponding seg- 
ments of the diameter, y and a + c + h — y, which leads 
to a simple eonsti'uotion of the value of y. TJius t From P', 
lay off, on AY, PT3 = c ; also BC = a ; on AB describe 
the semidrcle ALB: at P' erect the ordinate P'L, it will be 
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DKTERMIUATE GEOMETHY, 



represented by yhc. Example 
5, Art. (4). Through L draw 
LC parallel to AY ; then 
through A and C draw tie per- 
pendiculars AA' aad CC ; A'C 
will be equal to n + f' + 5 ; 
on this line describe the semi- 
circle O'OA' ; the distance from 
the point 0, in which it cuts 
AY, to A will be represented 
by y. For OO' = P'L, and the segment A'O' 
flis the required condition. 




12. Problem *!. Through a given point, without a given angle, 
to draw a straight line, so as to cut off a given area. 

Let the given point and angle be, aa in the first figure of the 
preceding article. Let h^ represent the ^ven area, and /3 the 
given angle. The expression for the measure of the required tri- 
angle will bo lOT X AN. From the right angled triangle 
OAT, we Lave 



OT = OA s 



YAX ^ 



Substituting the value of a;, talten from equation (2), of the pre- 
ceding article, and placing the result equal to h", we have 



which, by reduction, becomes 
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Solving tills equation, we obtain 

To coiisti'iict these values : Throiigli A draw AA' porpeiidicu- 
laT to AY ; then since tlie angle 
A'PA = /3, we shall ha^e 




AA' 



APsi 



n^. 



Upon AY, in a negative direction, 
lay off AB = h ; join A' and B, 
and at B erect BC perpendicular to 
A'B, then 



AB 



A A' 



AC 



Since this expression is negative in the above values of i/, we lay 
it off from A to D, The radical part of tha^e values may bo put 
under the form 



V(« 



To construct it, we lay off P'S = 6 ; on SD describe a 
iemi-circle, the chord DE will be the value of the radical, for 



AD = ■ 



DS = 26 4- AD, 



and DE is a mean proportional between them, l^om D lay off 
DO = DE, and AO will be represented by the first value of y. 
From D lay off DO' = DE, aJid AO' wiU be represented by 
tlie second value of y. Through the points and 0', draw MO 

and MO', and either triangle cut off will fulfil the condition of the 
problem. 
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IS. By an exaroination of the maimer in which tlio preceding 
problems have been solved, we may derive the following general 
rule for solving determinate problems. 

CcMceive the problem to he solved geometrically, and draw a 
figure eoatairdng the given and required parts, and such other 
lines as may be necessaay to show the relation between litem. He- 
present the known lines hy ike first, arnd the imknown by the last 
letters of the alphabet. Consider the geometrical relations existing 
between these lines, and eicpress them by equations, taking care to 
deduce as many equations as there are unknown c/vanHlies. Solve 
these equations and construct upon a single figure th£ values tJius 
deduced. 

By an applicstjon of this ni!e the following problems are readily 
solved. 

8. Through a given point without the drcumference of a circle, 
to di-aw a straight hne intersecting it, so that the chord included 
within, shall be equal to a given line. 

9. To draw a line parallel to the base of a trisiugle, so as to 
divide it into two equal parts. 

10. To inscribe, in a given ti'iangle, a rectangle whose area is 
known, 

11. Through two given points, to describe a circle tangent to 
a given right line. 
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INDETERMINATE GEOMETKY. 



14. Thb second bi^neh of Analytical Geometry, wLicli has for 
its principal object the analytical investigation of the general 
properties of lines and surfaces, is much more extended in its ap- 
plication, and interesting in Ifs i-esults, than that which we have 
just examined. It is called Indeterminate Geometry, from the 
fact, that, in the equations used, the unknown quantities admit of 
an infinite number of values, or are indeterminnte, and are there- 
fore called variablea ; while from the nature of the problems dis- 
cussed in the fli'st branch, they admit of a finite number of values 
only, and nuist be detowninate. 

OF POINTS IN A GIVEN PLANE. 

15. Let AX and AY be two fixed light lines, indefinite in ex- 
tent, and M any point of their plane within the angle YAX. 
Through this point draw MR and MP parallel respectively to AX 

y and AY ; thea if the distances 

J^'......yji.-.-M ME and MP are given, it is evi- 

/ / /' dent that the position of the point 

/ / M, will bo known, and may be 

^' A' /* /^ ^ constructed, by laying off on the 

/ / / line AX, beginning at A, AP 

M~'y Ji" ^ RM, drawing PM parallel to 

X' AY; then on AY, laying off 
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AR = PM and drawing RM parallel to AX ; tte point of in- 
tersection of these parallels will be the required point. 

The distances MR and MP are called the rectilineal coordinates 
of the point. The first, or the distance of the point from AY, is 
t?ie abscissa ; and the second, or the distance of the point from 
AX, is the ordinate of the point, these distances being measured 
on lines parallel respectively, to AX and AT. 

The fixed lines, to which the point is thus referred, ai'e called 
tJie axes of eo-oj'diTiates, or co-ordinate axes. 

Their point of intersection A, from which both abscissa and or- 
dinate are estimated, is tke origin of co-ordinates. 



16. The h sst of po nta, the position of which is indetermi- 
nate, are, in Id not d by the lettei' ax, and the ordinates by 
y, though oth 1 tte a omeldnies used. 

The co-oi 1 nate of j ta the position of which is known, are 
usually denoted e the by the first letters of the alphabet, or by 
the symbols a:', y', x", y", &c. Tf we denote the co-ordina,tcs MR 
by a, and MP by 6, the equations 



,..(1), 



are called the equations of the point M, and the values of a and h 
being known, the point is said to be given, and may be con- 
structed, in ike first anyle, YAX, by laying off AP = a and 
AR = i, as in the preceding article. 

If, at the same time, we consider the point M', haiiug 
AP' ^^ AP, and P'M' ^= PM, it becomes necessary to adopt 
some notation, by which the two points may be distinguished 
from each other. This notation is at once suggested, by a re- 
ference to that which is used in a similar case, for the cosine of an 
arc in Trigonometry, and the abscissa AP' is regarded as negative. 
Thus the equations of a point in tJw second angle, YAX', are 

X =. — a y = b. 
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If the point is lielow tlie axis of abscKsas, its ordinate, from 
analogy to the sine of an arc, is regarded as negative. Thus tho 
eq^uations of the point M", in the third angle Y'AX', ace 

X = - a y = ~ b\ 

and in like manner, tlie equations of tlio point M'", in tlie fourth 
anc/le, Y'AX, arc 

Thus it appears, that hy assigning proper values and signs to a 
and 6, equations (I) may he regarded as the representatives of any 
point in tho plane of the co-ordinate axes. 

If the point is on the axis of X, (the axis of absdassts), its ordi- 
nate must l>e 0, and its equations 

X =^ a y ^ 0. 

If it is on the axis of Y, its abscissa must bo 0, and its equations 



By the essential signs of a and i, in these equations, wo ascer- 
,ain whether the points are on the right or left of the origin, above 
>r below the axis of X, 

If the point is on both axes at the same time, that is, at the 
aricin, its equalions, or the equations of the orii/in, become 
X = y ~ 0. 



id x", y", be the i»-ordinate3 of any two 
points, as M and M', in the plane 
YAX. Join M and M', and draw 
■■R MR parallel to AX, then in the tri- 
angle MM'E we have, from Trigo- 
nometi'y, 

Ti^ - 2ME X M'E ecs MEM' , 
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tlie radius being supposed equal to unity. But 

ME = PP' ^ x" — x', M'R ^ y" - y'; 

hence, denoting MM' by D, the angle YAX by /3, and observing 
tliat cos MKM' = — cob y3, we have 

D = V(x" - x'Y+ir - y'Y + 2{^^^~^x'){y" - y') c^...(l). 

If /3 =: 90'', COS /3 =; 0, and tbis formula I'oduces to 



D = Vix- - :,r + (/' - yv (2), 

that h, if tbe axes of co-ordinates aj'e perpendicular to each 
other, Ihe distav^e between two ;pomts, in their plane, is equal to the 
square root of the mm of the squares of the differences of iJie <A- 
seissas and ordirwies of the ^nts. 

If one of the points, as M, is at the origin, x' and y' will be 0, 
and the last formula reduce to 



18. Let P be a fixed point, PS a fixed right lifre, and M any 
point ot a plane containing Pb If the lengtli of tlie line PM, wMeh 
we repiesent by r, and the , 

angle v, made by ttis Ime 
with tbe fixed line, are giien, 
the position of the point will 
be fully dateimined and may 
be constiucted, bj di saving 
thiough P a line maLmg, with the line PS, the giv6n angle, and 
then fiom the point P, laying oil, on this line, tbe given distance. 
By vaiying the angle u, through aD values from to 860°, and 
the line J from to infimty, the position of every point of the 
plane may he determined. 

The point P is called the pole ; the line PM, tJie radius veetor, 
and the variables r and v, the polar co-ordinates of the point. 
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28 JUDBTEBMINATK GEOMETRY. 

19. By a reriew of tlie preceding discussion, we see tliat the 
position of the points tave been determined by ascertfiining their 
situation with reference to certain other fixed points or juagnitudra. 
In the first, or system of rectilineal co-ordinates, the points are referred 
to two fixed right lines, and the means of refei-enee are two other 
right lines, which vary in length, as the positioa of the point is 
changed. In the seeond, or system of polar co-ordinates, the points 
are referred to a fixed point and a fixed right line, and the means 
of reference are a variable angle and a variable right line. 

Although there are other metJiods of determining the position 
of points, these are the two in most general use. In every system, 
it should be observed, that the position, thus determined, is not 
absolute but relative, as all that thus becomes known, is the 
position of the point with reference to some other points or mag- 
nitudes ; and also, that the genera! name of co-ordinates of a point, 
is applied to the elements, of lohatever nature, by means of which 
the position of the point is determined. 



OP THE RIGHT LINE IN A GIVEN PLANE. 

20. Let BM be any right line, in the plane of the co-ordinate 
asgs AX and AY, and let M be any point of the tine, of which 
the co-ordinates AP and MP 
-y''^ are denoted by x and y. 
Tlu'ough the origin A, draw 
AM' parallel to BM. Re- 
present the angle YAX by |8, 
and MBX = M'AX by a; 
the angle PM'A = M'AY ivill 
then be represented by /3 — a. 
From the ti'ianglo AM'P, we Jiave the proportion 

AP : PM' : : sin PM'A : sin M'AP or : : ain (/3 - «) : sin a 

or, representing PM' by f 
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IN DETERMINATE ( 

. ; y : : sin ((J - 



and since AP is to PM' as the abscissa of any otiier point of tlie 
line AM' is to its corresponding ordinate, this relation will exist 
whatever be the position of the point M', on the line AM'. Fi'oiii 
this proportion, we deduce 

'' = .ii.((3-») '■ 

But the ordinate of any point of the line BM, aa PM, exceeds the 
corr^ponding ordinate of the line BM', by the constant distance 
MM' ^ AC. Representing this distance by b, we have, for every 
point of Uie line, 

y — y + . or y = ^iirp"^~a") * + '■ 

This equation expresses the relation between the co-ordinates, 
X and )/, of every point of the line AM, and is called the equor 
Uon of the lim. The co-efficient of m, in this equation, represents 
the ratio of the sines of the angles which the line makes with the 
axes of X and Y, and the absolute term, (b), tlie distance from the 
origin to the point in which the line cuts the axis of Y. 



21. By attributing, in succession, all values to a, between 
and 360°, and all possible values to h, both positive and negative, 
the equation 



may be made to represent every right line in the plane of the co- 
ordinate axes. 

If 6 is negative, the lino talcea the position B'C', and its equation 
will be 
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If a := 0, tlie line is parallel to tin) axis of X, and its equation 
reduces to 

y = (i.x + b, 

y ^^ h, X heinff indeterminate. 

If 6 ^^ 0, at the same time, the line coincides ■witli the axis of X ; 
hence, the equation of the axis of X, is 

)/ r^ 0, X hmmg indeterinhmle, 

If 6 ia positive, the line is above the axis of X ; if negative^ it ia 
below it. 

Solving equation (1) with resjioct to x, it ia put under the form 



i.m(^-.) 



,..(2). 



From the tiiangle BAG, we have 

b sill IB - a) 
siu a : an{l3 - <') :: b : AB ^ -|^ ^^ 

that is, the ahsolute tei-m of equation (2), repreaeBts the distance 
from the origin to the point in which the line cuts the axis of X. 
Representing this by a, the equation becomes 

_ sin {/3 -^ / 



If in this « = /3, the line is ^xcraUel to ilw axis of Y, and 
the equation reduces to 

^ = O.y + a, 

X := O; y hei'ni) indeterminate. 

If a ~ 0, at tlie same time, the line coincides with the axis 
of Y, and its equation b 
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3: r=^ 0, y heing indeterminate. 

If a is positive, the line is on the I'iglit, if negative, it it 
left of tlie axis of Y, 



22. Equation (1), of tlie preceding article, contains two kinds 
of quantities, x and y, whicli are different for different points of the 
line, and are therefore called variables ; and a, ,Q and h, which re- 
main the same for the same line, and ai-e cidled coristnnfs. Wlen 
the values of these constants are known, the line, aa wb have aei-n, 
is fixed in position, or completely determined. 

Since the equation contains two variablus, we may assign any 
value to one, and, by the solution of the equation, deduce tlie cor- 
responding value of the other. Th^e two, taken together, will be 
the co-oidinat«s of a point of the line, which may he constructed 
as in Art. (15). By assigning other values, in succession, to one 
of the vaiiab!^, and deducing the ooiresponding values of the 
second, any number of points may be determined, and the line be 
thus eonatrueted by points. 

Likewise, if either of the co-ordinates of a point of the lino is 
known, the other may, at once, be deduced, by substituting the 
known value in the equation, and solving it with reference to the 
variable whose value is required. Thus, we know that the ab- 
scassa of that point of the line, which is on the axis of Y, is 0. Sub- 
stituting a: = 0, in the equation, we deduce y = b, which 
is the ordinate of the point in which the lino cuts the axis of Y, 

If we substitute y ^ 0, the resulting value (i{ x, will be the 
absdssa of the point in which the line cuts the axis of X. This 
ordinate and absdssa being laid off respectively on the axes of Y 
and X, a right line, drawn through their extremities, will be the 
line to which the equation belongs. 

23. From the preceding ai-ticle we see that eriuaiiou (1) of 
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Art. (21) is truly the analytical fepveaentativc of the light line. 
And in general, any line, curved as well as sti'aight, may be thus 
represented by ita equation ; ttat ja, by an equation which ex- 
presses t/ie relation between, the co-ordinatea of every point of the 

Every such equation will contain two kinds of quantities, viz : 
variaJiles and constants. Tlie variables represent the eo-ordinates 
of the different points of the line, and the constants serve to deter- 
mine its position and extent. Tliis is plain from the fact, that the 
constants being given, all the points of the line may he construct- 
ed, as in Art. (33). We therefore say, that a line is given, when, 
the form of its equation, and tlie constants, which enter it, are 
known. 

From the definition of the equation, it follows, that if a point is 
on a given line, its eo-ordinates, when substitaled for the variables, 
must satisfy the equation of the line. 

Also, if a pomt is not on a given line, its co-ordinates will not 
satisfy the equation. 

24. It will, in genera!, be foiind more convenient to take the 
co-ordinate axes at right angles to each other ; and they will be so 
regarded, unless it is otherwise expr^sly mentioned. Under this 
snpposition, ^, in equation (1) of Art. (21), will be 90°, 

sin {(3 — a) = sin (00^ — a) = cos a, 



ir denoting t. 



* Note.-— In Analylical GJeometry, R or (he radius of the trigonometri- 
cal tables, is always regarded as miity, unless it is otherwise mentioned. 
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...(1), 



in which, it should be remembered, that a represents the tangent 
of the angle which tie line makes with the axis of abscissas, and 
b the distance from the origin to the point, in which the line culs 
the axis of ordioates. 

If the line passes through the origin, 6 = 0, and the equa- 
tion becomes 

y = ax. 

If the line occupies the position of AM, the angle a, being acute, 
a is positive, and as for all points of the line in the first angle, x is 
also positive, the product, ass, is posi- 
tive, aa it should be, since y must be 
positive for all points above AX. For 
all points in the third angle, x being 
negative, ax is negative, as it should 
be, since y must be negative for all 
points below AX. 

If the line occupies the position 
AM' ; as the angle a. is estimated fix)m the axis of X, on the right 
of the line, around to it, as indicated in the figure ; o. is obtuse 
and a negative. For all points of the line in the second angle, ic 
is negative and (la: positive. For points in the fourth, x is positive 
and ax negative. 




25. Every equation of the first degree, between two variables, 
will be a paiticular case of the general form 

As! + By + C = 0, 

and this, when solved with reference to y, gives 



D equation of the same nature and form a 
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iind may therefore be regarded as the equation of a light hne, in 
which, (the ases of co-ordinates being at right angles,) — — 
will represent the tangent of the angle which the line mates with 
the axis of X, and — _ the distance from the origin to the 

point in which the line cuts the axis of Y. 

If the eqiuitiou be solved with reference to a;, it will appear 
under the form 



in whicii a' = - will be the tangent of the angle made witli the 

asis of Y, and b' the distance cut off by the line on the axis of X. 
Hence, eirery equation of the first decree, between, two variables, re- 
presents a right line ; and if it he solved with reference to either 
variable, the coefficient of the other leill be the tangent of the angle, 
■which the line makes with the axis of that variable ; and the ab- 
soliile term will be the distance cut off, by tke line, on the axis of 
t/iat variable, mfh reference to which the equation is solved. 



26. The manner of conatruotlng a right line, from its equation, 
may be illustrated by the following 

JExamples. 

1. Take the equation 

2j) — 4^ + 3 = 0. 

Making a; =: 0, we deduce 2/ = — f, for the ordinate 
ttf tie point, in which the line outs the axis of Y, Art. (22). 
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Making y =: 0, we deduce 
point, in which tte line cuts the axis of 
2. Assuming any convenient unit of 
length, and laying off AC = — f , and 
A3 = I, BC ivill be the line repre- 
sented by the equation. 

Or, thus : Solving the equation with 
e to y, we have 

, = 2. - 5. 



J,- for the abscissa of tlie 




Laying offthe distance AC = — f, and drawing the line 
CB, making, with the axis of X, an angle whose tangent is 2,* it 
will he the hne. 

Or the line may bo constructed by points, thus : Making 



The points, represented by the different sets of co-ordinates thus 
determined, may be constructed and the line drawn through them. 



* Note. — An angle wliose tangent is 3 given number 
may always be consinicled thus. Let tang o = ~, Lay 

uff AB s (J and erect the perpendicular BM = c ; draw 
AM, the angle MAB will be the required angle. For we 



When tang a is a whole number, a 
thettnit eflengt/i. 



n the example, d = AB = 
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27. Let ;/ = aj! + 6 

y = a'a^ + y 

be t!ie equations of two right lines. Those values of x and y 
which, teken together, will satisly both of these equations, must bo 
the co-ordinates of a point on pach line Art (23), But if we com- 
bine the two equatJons ind deduce the values of x and y wp ob 
tain ill which can \ asHy s-iti&tj both e:[Udtions at the s^nio 
time these values must then be the coordinates ot xll \ ints 
con moil to the 1 nes 

PHc ng the -.econd memi is of tht equitions e juiJ we hive 

ax ^ h = a'^ Jr !/, 



Substituting this value of a.', in the first equation, v, 



These values of a; and y must be the co-ordinates of a point 
common to both lines. And, in general, since the equations of 
light hnes are of the first degree, the values resulting from their 
combination must be real and give one common point, and only one. 

If a = a', the values of a; and y, both reduce to infinity ; 
the point of intersection is then at an infinite distance, tliat is, tlm 
lines are parallel. 

If b t= y, at the same time, both values become -, or in- 

determinate, as they should, since in this case the two lines 
coincide and have all their points common. 
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It is evidont that the above reasoning will apply to any lines, 
straight or curved, and we may therefore give the following rule 
for ohtaining the points of intersection of any two lines. Combine 
the eqttalions of tlie lines, and deduce the valuea of the variables. 
For each couple of real values there will be a common point. If 
the values are all imaginary, there will be no common point. 

Find the point of intersection of the two right lines given by 
the equations 

3;; — 2a; + 1 = 0, Sy + 3a == 0. 



be the equations of any two given right 
lines, making the angles a and a.', i-espec- 
tively, with the axis of X, and the angle 
V with each other. By the figure, we 
see that 



and by the trigonometrical formula, for the tangent of the differ- 
ence of two angles, 




lug T = '"g ' 1j 



1 + tang a.' tang a 
and since from the equations of tlie lines, Art. (24), 
a = tang a. a' = tang a.'. 



from which, by the substitution of the values of a' and o 
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l)y particular equations, the natiwal tangent of the angle b 

two right lines may be found ; and from a table of natural sines, 

cosines, &c.| the value of the angle, in degrees, mimites, &c, may 






Jieiite, ill this case, the angle is 0, and l!ie lines are parallel, as 
sliuwn in the preceding article. 
If 1 + aa' = 0, 

the angle is 90°, and the two lines arc perpendicular to each 
other. 

To ascertain then, pradjcally, whether two right lines are par- 
allel or perpendicular : Solve their equations witk reference to 
either variable ; if the coefficients of the other variaMe are equal, 
the lines are parallel ; if the pt-oduct of these coefficients plus 
unity is equal to 0, they are perpendicular. 

Apply this rule to the equations 

1. 2jr _ 4j; -1- ^ = 0, y — 2x — Z = Q. 

2. y — 3s + 1 ^ 0, 6y + 2a: — 5 = 0. 

20. Let x' and y' be the co-ordinates of a given point, and 

y = f^ + h (1), 

the general equation of a right line, in which a and h are undeter- 
mined. If the given point ia on the line, its co-ordinates, when 
substituted for x and y, must satisfy the equation, Art (23), and 
we must have 

y' ^ ax' -{■ h, 
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an equation expressing' the condition tliat the point, (^', y'), shall 
he on the line. This condition may be introduced into equation 
(1) by subtracting it, member from member. We tlius obtain 

, - y = »(, - «') (2), 

which is the equation of a right line with tlie condition introduced, 
tliat a given point shall be on it ; or, is the equation, of a right 
line passing through a given point. 

a remfflUB undetermined, as it should, since an infinite number 
of right lines may be drawn through the given point. If the 
abscissa and ordinate of the given point are 2, and 3, the equation 
of the line becomes 

y ~ 3 = a(« - 2). 



30, If the lino, represented by equation {2} of the preceding 
article, be subjected to the condition that it shaJl be parallel to a 
given line, as the one whose equation is, 

ive must have, Art, (28), 



Substituting this known valne in equation (2), the line i 
lixed and its equation become 



If the line is required to be perpendicular to the given line, i 



\ + aa' = 0, 
and the equation becomes 
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1. Find the equation of a liglit line, passing through the point, 
.r' = ~ 2, y' ^ 3, and parallel to the line whose equation is 

2y __ a; 4- 2 = 0. 

2. Find the equation of a right line, passing through tlie saine 
point and perpendicular to the same line. 



31. If the lino represented by equation (2), Art. (29), be sub- 
jected to the condition, that it shall pass through another point 
whose co-ordinates are x" and y", these co-ordinates must satisfy 
the equation and give the equation of condition 

y" — y' = <^" — «'), 
from which, the value of a becomes known, and we have 



Substituting this, in equation (2), wc obtain 

»" - 'L I, - .'1 



y — I 



,..(!), 



for ilie equation of a right line passing through two given points. 

If M andM' are the points, the co- 
oi'dinates of the first being x', y', and 
of tlie second x", v" we have 



.^ 



M'R : 



T A. ^ F' X 

tang M'MU = tang M'TX = — = 



y" — y', ME - 
M'R 
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j£ y'l _- yi^ i^jjjg value of a reduces to 



as it should, sinco the line becomes parallel to the axis of X. 
If ^' = X', 



as in this case the line is perpendicular to tlie axis of X, 
If 0^' = x' and y" ^ y', 





since the two points become one, through which an infiiiite num- 
ber of right lines may be di'awn, 

1, If the co-ordinates of the points are a;' = 2, ?/' = — !; 
x" ^ 3, y" = ; equation. (1) will bocomo 

S + 1 = 1 (;, ^ 2), 

wiiicli reduces to 



2. Find the equation of a right line passing through the two 
points 



32. In every equation containing but two variables, wo may, 
as in Art. (22), assign to one a series of values, in succession, 
and deduce the corresponding values of tbe other, and thus con- 
struct a series of points, which being joined, will evidently form a 
line, which will be tepresented by the given equation. Hence we 
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say, in general, thai every equation, between two variables, is the 
equation of a line, dther straight or curved. 

If all values of the first variable give imaginary values for the 
second, the hne is said to l>e imaginary. 

If there is but a limited number of couples of real values, which 
will satisfy the ec[uation, it will represent a point or a limited 
iiTimher of distinct points. 



33. Whenever the relation between the co-ordinafes of the 
points of a line can fee expressed by the ordinary operations of 
Algebra, that is, by addition, subtraction, multiplication, division, 
the formation of powers denoted by constant exponents, or the ex- 
traction of roofs indicated by coiKtant indices, the line is said to 
be Algebraic. 

When this relation can not be so expressed, the line is Trans- 



Algebraic hnea only, will be considered in this Tieatise, They 
are classed into orders, according to tU degree of iMr eqvitlimn. 
Thus, a Hne of the first order, is one whose equation is of the first 
degree. A line of the second order, one whose equation is of the 
second degree, &c. We have seen. Art. (25), that the right line is 
the only line of the first order. 

The discussion of the equation of a line consists in clsssing the 
line, determining its form, its limits, its position with respect to 
the co-ordinate axes, and the points in which it cuts Ijhese axes. 



OF THE CIRCLE. 

34, Let x' and y' be the co-ordinates of the centre of a circle, 
and E its radius, and let a: and y be the co-ordinates of any point 
of its circumference. The distance from the centre to any point 
of the circumference, will then, Art. (11), be denoted by 
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y(» - x')' + if - y'f; 

but, from the definition of a circumference, this distance must be 
constantly equal to the radius, E ; honeo we have 



V{« 



'<•)' + (y - 



: K, 



('- 



■ (y - !,■)■ = »■.. 



,..(1); 



and since this expresses the relation between the oa-ordinatea of 
every point of the circuaiference, Art. (23), it is the equation of 
the circumference, or tJie equation of Ike circle ; the word circle 
being commonly used for circumference. 

The circle will be given, when fe', y\ and R are given, Art, (23), 
and hy attiihuting different values to these constants, we may 
place the centre in any position, and give to the drcle any extent. 

For those points of the circle which lie on the axis of X, y = ; 
STibalituting this in equation (1), the corresponding values, 

X = :o' ± VR= - y'\ 

will be the abscissas of the points, in which the circle tuts the axis 
ofX. 

If y' < E, tiese values will be real, and the drcle will in- 
tersect the axis, in two points. 

If j/ = R, the two points will unite, and the drcle will be 
tangent to the axis of X. 

If y' > R, the values of x ' 
be no point of intersection. 

Each position of the drcle ■ 
shown, in the accompanying figuri 

By making a: = 0, we deduc 

y = y' ± -/R^ - x'\ 

for the ordinates of the points, i 
which the drcle intersects the axi 



ivill bo imaginary, and there will 
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of T, and these will be real, equal, or imaginary, aceoi'ding a 
leas, equal to, or greater than E. 

Solving equation (1) witi reference to y, we hare 



y = y' ± Vli= - (* - x-f. 

By assigning values to a, in succession, we deduce the corres- 
ponding values of y, and thus determine as many points of tiie 
curve as we please, Art. (32). 

Every value of ar, which makes {x — x'Y < E^ will give 
two real values of y. For every such value, there will, conse- 
quently, he two con'esponding points of the curve. 

li X = ^ + 'S, or x' — Vi, the values of y will he 
y' ± ; ihe two points will unite, and the corresponding ordi- 
nate will he tangent to the cui've, as SM or S'M'. 

If at > a' -1- R or < a' — R, the values of y will he 
imaginary, and there will bo no eoiresponding points of the 
curve. 

We thus see that the curve is limited, in the direction of the 
axis of X, hy the two lines, SM and S'M', In the same way, by 
solving the equation with reference to x, we may obtain the limits 
in tlie direetion of the axis of Y, 



35. If x' and y' are both equal to 0, the centre of the circle 
will be at the origin of co-ordinates, and equation (1), of the pre- 
ceding ai-ticle, will reduce to 



To discuss this equation. Art. (33) ; make y = 0, we thus 
obtain 

a: = ± E, 

which shows, that the curve cuts the asis of X, in tie two points, 
B and C, at distances, on the right and left of the origin, each 
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equiiJ to E. 
Making .1 



: ± li, 



which shows that the curve cuts the 
axis of y, in the two points D and E. 

Solving the equation witli reference 
to y, we have 



M 



from which, we see that eveij value of ar, positive ov negative, and 
numerically less than R, gives two reai values of y, equal with 
contrary signs ; hence, for each of these values there are two cor- 
responding points, one above, and the other below the axis of X, 
at equal distances from it, and the ordinates of these points, taken 
together, form a chord, which is bisected by the axis of X. This 
proves that the curve is sjnnmetrical with respect to the axis of X, 

If a: = ± E, y becomes equal to ± 0, which proves that 
the corresponding ordinates, produced, are tangent to the curve. 

If * is numerically greater than E, either positive or negative, 
the values of y ai-e imaginary, and there ai'e no corresponding 
points of the curve. The ciirve is therefore Emited in the direction 
of the axis of X, by the two tangents at B and 0. 

In a similar way, it may be proved, that the curve is symmetri- 
cal with respect to the asis of Y, and that its limits are two tan- 
gents at D and E. 



36. For every point of the cui 
preceding article, we hiive 

y= = R^ ~ a' = (R -I- x) 

a w«ll known property of the circle. 



ve, as M, in tlie figure of the 
(E - a) = CP X PB, 
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37. If y roproseiits the ordinate of any point, as M', witl 
the circle, in the figure of Art, (36), we have 

M'P > MP or 3/^ > E^ - x\ 

For any point, as M", within the circle, we have 

M"P < MP or j/= < Rs - a!« 

Hence we deduce the three analytical conditions 

y* + a' — E^ = 0, for a point on the circle, 

y' -\- sc'' — R^ > 0, " " V)iihov.t the circle, 

y' + a' — IV < 0, " " -witkin the circle. 



38. If the origin of co-ordinates is at 0, in the figure of ArL 
(36), the co-ordinates of the centre will be 



and the general equation (I), Art. (34), will reduce to 

a;S 4, 2^2 „ 2Ra; = 0, or y^ = 2Rjk — X^. 

This equation has no absolute term, or term independent of x 
and y ; the substitution of a; ^=: and y ^^ 0, will there- 
fore satisfy it, which verifies tire feet, that the ongin of co-ordinates 
is on the curve ; and, in general, if the equation of a line has no 
absolute term, the line passes through the origin of co-ordinates. 

OP POINTS IN SPACE. 

39, ' By space is to be understood, that infinite extent, in which 
all bodies arc situated. As the absolute places of points and mag- 
nitudes, in tliis indefinite space, can not be determined, we have 
only to seek their situation, with reference to certain other objects, 
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which do fiot okarige their position ■with respect to each other. In 
a plane, we have seen that the situation of points and lines, is thus 
determined by a reference to two fixed objects, Art. (19). In 
space it is found necessary to refer them to three, tlie means of 
before, being called the co-ordinates. 




40. Let XAY, XAZ, and YAZ, ho any three fixed plar 
definite in extent, intersecting each 
other in the lines, AS, AY and AZ ; 
and let M be any point within the 
solid angle formed by these planes. 
Through fhis puiiit, di'aw tlie lines 
MP, MP' and MP", respectively 
parallel to the lines, AZ, AY and 
AX, terminating in the planes. If 
the distances MP, MP' and MP", or 
their equals, AR, AE' and Alt" 

are given, it is evident that the position of the point will be 
fully deterniined, and may he constructed, thus : On AX lay off 
AE" = MP" ; on AY lay off AE' = MP' ; through their 
extremities draw the lines E"P and K'P parallel respectively to 
AY and AX ; through their point of intersection, P, draw PM 
pai'allel to AZ, and on it lay off the given distance, MP ; the ex- 
tremity will be the required point. 

The planes XAY, XAZ and YAZ, are called tM co-m-dino.te 
planes. 

The fiigt is designated as the piano XY ; the second, as XZ ; 
and the third, as YZ. 

Tlie lines AX, AY and AZ, are ilie co-ordinate axes. 

TTie first is t?ie axis of X, and the distances parallel to it are 
denoted by x. The second is the itm of Y, and the distances 
parallel to it are denoted by y. The third is the axis of Z, and 
the corresponding distances are denoted by z. The point A is the 
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yiigin of co-ordinates, and tie distaiicea MP, MP' and MP", 
'he rectilineal co-ordinates of the point M. 



41, If tlie distances of a point, from the co-ordinate planes 
YAZ, XAZ and XAY, are respectively denoted by a, 6 and c, w< 
have for this point 



which are the equations of the point ; and when these eq^uations 
are given, the point ia said to be given, and may be constructed as 
in the preceding article. 

The point M ia in the Jirst angle, that is, in the angle to the 
right of YZ, in front of ZZ, and above XY. 

These points which ai'e on the left of the plane YZ, are dis- 
tinguished from those on tlie right, by giving the minus sign to x ; 
those behind the plane XZ, from those in front, by giving the 
minus sign to y ; and those below tbe plane XY from those above, 
by giving the minus sign to ». Thus, for a point in the second 
angle, that is, in the angle to the left of YZ, in front of XZ, and 
above XY, the ec[uations are 



For a point in tlm third angle, wbich is immediately behind the 



Fur a point in the fourth angle, immediately behind the first, 
For a point in the ffih angle, under the first, 
For a point in the sixth angle, under the second. 



Ho.t.rlbyGoOgle 



For a point in the seventh ant/k, under the tliivd, 
For a point in t!i£ eighth angle, under the fourth, 



If a point 13 in the plane XY, the value of z for this point ia 0, 
and the equations of a point, in this plane, are 



and there are similar eq^uations for points in each of the other co- 
ordinate planes. 

If 3 point is on the axis of X, the values of y and ^, for this 
point, are both 0, and the equations of i\ point on this axis are 

X = a ^ = X — 0; 

and there are similar equations for points on each of the other co- 
ordinate axes. 

The equations of the origin of co-ordinates are 



. 42. It is found moat conyeuiont, in practice, to take tho co- 
ordinat* planes at right angles to each other, and they are always 
considered to be in this position, unless it is otherwise indicated. 



i", he the co-ordinates of any 
two points in space, as M and 
M'. Then 



x' = AT, y' = TP, z' = MP. 

»" = AT', y" = T'P', z" ^ M'l". 

Join P and P', and draw 
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ME parallel to PP'. Then from the triangle MBM', right 
angled at E, we have 

MM' - Vmk'' + WR\ 
But, Art. (IT), 

M* = PF* = {x" - x'y + (y" - y% 
and 

WB.^ = (j" - z'Y; 

hence, denoting the distance MM' hy D, we obtaiu 



D = V{x" - »')■ + (/' - •/)' + ('" - 'T; 

or, the distance between two points, in space, is equal to the square 
root of the sum of the squares of the differences of their co-ordinates. 
If one of the points, as M, be placed at the origin, a/, y' and z' 
become 0, and 

D = Vs''= + y"^ + %"\ 



The position ot ]f nts m sjoc imj iKo be d teimin d 
by referun^ tliem to iny other thrci, 
t^ed objects For instance kt A 
Je a fixel point onl A\ i fixcl 
line in the ^iven plane "iAX -icA let 
M be an\ point in ^pace If the dis 
t'ince AM and the angles MAP and 
1 W ire gnen the jo'iitijn ot the 
joint IS knonn and niaj ipadih Vl 
constiucted 
This method, in which po nts are leferied to fixe 1 po nt a 
fixed plane, and a /a^ft/ ?i!ie (f thejlane is callei /Ac i-^s/on c/ 
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polar co-ordinates in sjxice ; in which the point A, is the pole, and 
the distance AM, tke radius vector, I'he threa variable co-ordi- 
nates arc, the radius vector, the angle which it makes with the 
plane, and the angle which its projection on the plane makes witli 
the fixed line. 

This, and the method of rectilineal co-ordinates, discussed in the 
preceding article, form the two principal systems of co-ordinates \\\ 
space. 



he the equation of a right line, B'C, 



y ~ ha + ^ 

tie equation of B"C', in the plane 
YZ. If through each of these 
lineB, a plane be passed perpen- 
dicular to the planes XZ and YZ 
respectively, these planes will in- 
tersect in a right Hne, BO, which 
■will thus be completely determined. The two equations 




! = (« + «... 



■■■(I). 



: b% + /3... 



,..(2), 



taken together, may then be regarded as the equations of the right 
line in space, and when they are given, the right line will be given, 
and may be constructed by points. For, if a value be assigned to 
either vaiiable, in these equations, the values of the other two can 
at once be deduced, and the three, taken together, will be the co- 
ordinates of a point of the line. For instance, assume a value for 
i; = EP' ; this, with the corresponding value of x deduced from 
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equation (l), will dotenciue a point, P', on tlio line BT, tkrougL 
wliicli if a perpendicular, P'M, be drawn to the plane XZ, it will 
intersect the given line in a point, M. This same value of z, with 
the corresponding value of y, deduced from equation (2), will de- 
termine a point, P", on B"C', through which, if a peri>endicuUr 
be di-awn to YZ, it will intersect the line, in space, at the same 
point, M, since no two points of this line can have the same value 
ofs. 

The two planes passing through the line in apace, perpendicular 
to the co-ordinato planes, are called the projecting pla'iies of the 
line ; and the lines B'C and B"C', in which they intersect the co- 
ordinate planes, are the projections of tlie given, line. 

In equation (1), o represents the tangent of the angle which the 
projection of the given line, on the plane XZ, makes with the axis 
of Z, and a the distance cut from the axis of X, by the same projec- 
tion. Art. (25). 

In equation (3), h represents the tangent of the angle which the 
projection on YZ, makes with the axis of Z, and /3, the distance 
cut from the axis of Y. 

If we combine equations (1) and (2), and eliminate the variable 



wtich, expre^ing the relation between y and x for points of the 
line, is evidently the equation of its projection on the plane YX. 



46. The principle that the constants in the equation of a line, 
aorve to determine it. Art. (23), may be well illustrated by sup- 
posing the four constants in equations (1) and (2) of the preceding 
article, to be given in succession. Thus, if a alone is given, the 
line is subjected to the single condition, that its projection on the 
plane XZ, shall make a given angle with the axis of Z, that is, it 
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may lie in eitlier one of i sj-stem of parillel phiiPs perj endiculai 
to XZ, and making witli the a\is ot Z an angk th tangent of 
■which ha: If a is now given the d stance cut off on thp a\i3 of X 
is known, and the Ime miy h^ve any poa t on m one of the before 
described planes If 6 la alao gnen the other piojectmn must 
make a given angle with the axis of Z that is the hne in thia 
fixed plane must m ike an angle with the axis of Z thf tangent of 
which ia b, or it may occupy anj one of an infimte number of 
parallel positions in this pline It /3 is also gnen the line is ab- 
solutely fixed. 

If a and ^ aio the line will p iss th gh the on m of co- 
ordinates, and ita e^uitions 1 e o i e 

x^ az, y = hx {!). 

If in these, 

a = 0. and S = 0, 

the Une will coincide with the axis of Z, and the equations become 

X ^ Of p =^ 0, % indetcrwinale. 

If the value of s be taken from the first of equations (1), and 
substituted in the second, we obtain 



for the equations of the projections of tlie right line, passing 
through the origin, on the planes ZX and YX. If in those, 



the line will coincide vnth the axis of X, and the equations of tliis 
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Ill 3 sirnilai' way, if the line coincide with, tlie axis of Y, 

i- ^ and ^ ^ 0, 

b b 

iiid the eq^uations of this axis will be 

» =; 0, a: — 0, ^ indeterminate. 



46. For the point in which a line pierceE the plane XY, i must 
he 0. Substituting this value in equations (1) and (2) of Art, 
(44),w.h.v. 



hence, a. and /3, talten togetiier, are the co-oTdinatea of the points 
in which the right line pierces the plane XY. 

In a similar way, the co-ordinates of the points in which the 
line pierces the other co-ordinate planes, may be determined. 

47. Let 

^ - «* + « (1), y ^hz + /3 (2), 

x = a'z -\- a.' (3), y = b'z + ^' (4), 

be the et[nations of two right lines. If these lines intersect, or have 
a point in common, the co-ordinates of this point must satisfy 
the equations at the same time ; or for this point, x, y and z must 
he the same in all of the equations. Hence, if we combine these 
equations and find proper values for a^, y and %, they will be the 
co-ordinates of the common poiut. These four equations, contain- 
ing but three unknown quantities, can not he satisfied hj the same 
set of values if they are independent of each other. If the lines 
intersect, there must then be such a relation existing between tho 
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known quantities of the equations, as to make one dependent upon 
tlie other tliree, and the equation which expresses this relation will 
be the equation of condilJon that the lines shall intersect. 
Equating the second members of (1) and (3), we deduce 



md in a similar way, from (2) and (4), 

6 — 6'' 
Placing these values equal to each other, we have 



(„. _ ,)(S _ V) = (,3' - /3)(<. - .') (5), 



for the equation of condition that the lines shall it 

This equation contains eight arbitrary constants, any seven of 
which may be asaimied at pleasure, and the remaining one thus 
determined, so as to cause the lines to intersect. 

Substituting tho fii^t of the above values of 3 in equation (1), 
and the second in equation (2), we find 

„ _ i(3' - Vfl 



These vahies of x and y, with either vaiuo of s, will give a point 
of intersection when equation (6) ia satisfied. 

If (J = a' and h = V, equation (6) is satisfied, and the 
values of X, y and * become infinite. The point of intersection is 
then at an infinite distance, that is, ihe lines are parallel. 
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are then tlie aiialytJual conditions that two light lines, in space, 
shall he parallel. But a ^ a' is the condition that the lines 
represented by equations (1) and (3) shall be parallel. Art. (28), 
and h = b', the condition that the lines represented by (2) 
and (4) shall be parallel. Hence, if two right lines, in space, are 
parallel, their projections cm the same co-ordinate plane will be 
■parallel, and conversely. 

If at the same time a. ■=^ a.' and y8 = /3', the above 
values of s, x and y become indeterminate, as they should, since 
the two lines then coincide. 



48. Since the angle included between two right lines, in space, 
a the same as that included between two lines passing through a 
common point and parallel respectively 
to the first ; let tiie lines AP and AP' 
he drawn throuf,h the oiigm ot co-ordi- 
nates, parallel to any tno gii in lines, 
making with each other an ■ingle de- 
noted by V, The equations of AP and 
AP' will be 

a%, y = bx; 



in which a, h, a' and 6', are the same as in the equaijons of the 
given linos, Art. (44), and the included angle is equal to V, De- 
note the angles, made by the first line with the axes of X, Y and Z 
respectively, by S', Y' and Z', and let X", Y" and Z" represent 
the correisponding angles made by the second line. 

Take any point, as P, of the first line, and denote its co-ordinates 
l^J *'i y' ^Jid *'i ^'I'i i's distance from A, by r', and let x", y" and 
z", be the co-ordinates of any point, as P', of the second line, and 
)■" its distance from A, and let D be the distance PP'. Then 
from Trigonometvy, we have 
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D= _ ,.'= _ ,."' + 2,.V"cosV = (I), 

ill wliicli, Art. (42), 

n= = {x' - a:'r + (V- - y'r + (^ - »")' (2). 

But if from P, lines be drawn pevpendicular to the axes of X, 
Y and Z, regpectively, rigpkt angled ti'iangles will be formed, from 
which we have 

x' = r' eo3 X', i/' = r' cos Y', z' = r' cos Z' (3). 

In a similai- way, we find 
X" ^ »■" cos X", y" = r" oos Y", %" = r" cos Z". 

Substituting these values in equation (2), developing and ar- 



D' = (eos=X'+cos'Y'+eos^Z')r'2+(ooa'S"+cos=T"+cos=Z"K^ 

- 2 (cos X' cos X" + cos Y' cos Y" + cos Z' cos Z") r'r", 

and substituting' this in equation (1), we have 

(cos'X'+cos'Y'+cos^Z'— l)c'5+(cos=X"+oos5Y"+cos'Z"-l)i-"2 

+ 2[coaV-(cosX'coaX" + cosY'cosY"+cosZ'cosZ'0>V" = 0. 

Now since the points P and P' wei'e taken at pleasure, and 
ance the angles V, X', X", Ac, are entirely independent of the 
distances r' and r", this equation will be ti'ue for any value of »■' 
and r" ; it is therefore an identical equation, in which the coefficients 
of r'^, r"^, (fee, must be separately equ;il to ; hence 

cosSX'+cosSY'+wsi'Z'^I, cos=X"+coB=Y"+cos5Z"=l...(4), 
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i GEOMETRY. 

COS V = COS X' COS X" + COS Y' cos Y" + cos & cos TJ' (5). 

From equations (4), we see that, the sum of the squares of the 
cosines of the angles, which any right line makes with the co-ordi^ 
nate axes, is equal to unity, or radius square. 

Fl'om equation (5), we see that, the cosine of the angle fm-med. 
hy two right lines in space, is equal to the sum of the rectangles of 
the cosines of the angles forrnid hy these lines with the co-ordinate 



49. Since tlie point P is on the line AP, its co-ordinates x', y' 
and z', must satisfy the equations of AP and give 

x' — az', y' — bz' (1). 

Substituting these values of x' and y' in the equation, Art. (42), 

and deducing the vahe of s', we have 



Va^ + 4' + 1 
and this Yalue of z\ in equations (1), gives 

V^^"!^"! ' V^» + 6« + T 

Substituting these values of a:', y' and *', in equations (3), of the 
preceding article, wc dcduco 



Va' + 6"' + 1 



Vcfi + 6^ + 1 
In a similar way, ive may deduce 
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cos Z" = —-J.. ... 
SubstitutiDg tlieae values in equation (5) of tlie preceding aiti- 



■v/a^ ^- 6» + 1 Va'» + 6'^ + 1 

giving the double sign aa tlie angle may be acute or obtuse. 
If V = 0, cos V = 1, hence 

aa' + hV + I 



Va« + i^ + 1 Va's + i'2 + 1 

Squaring both members, transposiEg and reducing, we obtain 

(• - a')' + (4 - J')' + (06' - M)' = 0, 

and since tbo first member is tbe sum of three positive t«rms, 
it can not be 0, unless each term is separately equal to 0; 



conditions deduced in article (4*7), the third evidently resulting 
from the other two. 

If V = 90°, cos V = ; hence 

aa' + 66' + 1 = 0, 

which is the equation of condition that two right lines, in space, 
shall be perpendicular to each other. This equation being en- 
tirely different from, and independent of equation (5), Art. (47), 
allows that two lines may be perpendicular in space, without ia- 
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The angle, wHcli the lino AP makes with the plane XY, is evi- 
deatly the complement of that which it makes with the asis of Z, 
and so with the other co-ordinate planes ; hence if we denote 
these angles hy U, XJ' and U", we have 

sin U = cos Z', sin U' = cos Y', sin U" = cos X', 



■\/q? + i= + 1 Va^ 4- ;>' + 1 



expressions fi'om which the angles, made by a given right hno with 
the co-ordinate planes, may be determined. 



a^ = as -f a, y = is -J- /3, 

be the general equations of a right line, in which a b t ind p, 
are undetermined, and let te', y', s' be the co ordmites of a given, 
point. If the line represented by the above equations passes 
through the given, point, its co-ovdinates must satisfj the equations 
and give the equations of condition 

x' = as' -f n, y' = iz + /J 

If we subtract the last equations, member by member, from the 
first, we shall introduce the conditions thus expressed into the 
first, eliminate a, and /3, and obtain 

X -.,' = «(. ^ i) (1), y - ,' = l(t- ,■) (2), 

which are therefore, tlie equations of a rii/ht line pass'inr/ through 
a given point in space. 

In these equations a and 6 aie still undetermined, as they 
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should be, since an infinite number of lines may paaa tliroiigli the 
given point. 

If the hne is required to bo parallel to a given line, the equa- 
tions of which are 

^ = „'i + a', y = b'^ -i- 13', 

a and b will bpconie known, since wo must have, Art. (i1), 



and by the suhstitution of these values, tlie line will be fully de- 
termined. 

Find the equation of a right lino, which shall pass through the 
point 

and he parallel to the line of which the equations are 
X = 2z +3, 2/ = — s + 1, 



el. If the line, represented by equations (1) and (2) of the 
preceding article, be subjected to tbe additional condition that it 
shall pass through the point whose co-ordinates ai'e x", y" and x", 
these co-ordinates must satisfy its equations and give the equations 
of condition 

from which we deduce 



e values in the equations (T) and (2), wo have 
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wBicli are the equations of a right line passing through two given 
points in sjxice. 

Find the equations of a right line wliicli shall pass through tte 
two points 
X' — 2, y' — 0, z' = 0; x" = 0, y" = S, z" = — 1. 



52. Curves, IE space, may be represented in the same manner 
as the right line has been represented in Art. (44), Thus, if 
through a curve, cylinders be passed whose elements are perpen- 
dicular to the co-ordinate planes, these cylinders will be Oie pro- 
jecting cylindffi-s of the curve, and their intersections with the co- 
ordinate planes, tlie prelections of the mm, either two of which 
being given, by their equations, the curve may be constructed by 
points, as in Art. (22). 



53. The points of intersection of two curves , in space, may 
also be determined as in Art. (4:'7), by combining their equations. 
But as there will always be four equations, involving but three un- 
known quantities, proper values for the variables belonging to a 
common point, can not be founi unless an equation of condition, 
deduced as in that artide by eliminating x and y and equating 
the values of s, shall be satisfip \ 

To illustrate the inter e t on 3t t vo carves, let us take theequa- 

22* — 3ar = (l)i 

y 1st curve. 
*^-Sy = (3)) 

'^ + Sx^ — \2x + ^ = (3)1 

■ 2ndc 



s2 + 3j^ - fiy = (4}j 

If wo combine equations (1) and (3), and deduce the values oix 
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z~ ± ^/■^ 



Tlieae vakiea of x and z 
are evidently tlie eo-ordi- 
nates of the points M and 
M', in which the projections 
of the curves on the plane 
XZ intersect. 

Combining equations (2)aiid (4), we obtjiin 

y = I, s = zh ^3 ; 

y = 0, 2 = ± 0, 

and these are the co-ordinatea of the points, A and JT, common to 
the projections of the curves on the plane YZ, The second va- 
lues of I, in the two cases, being unec[iia], can not, with the cor- 
responding values of x and y, satisfy all four equations at the same 
time and therefore do not helong to a point common to the two 
curves, 'fhe first values of z, viz. * = ± Vs, are the same in 
both cases and therefore talsen witli x ^= 2, and ji =: 1, are the co- 
ordinates of two points in which the curves intersect, one of these 
points being above, and the other the same distance below the 
plane XY, at P. 

The same result may he otherwise obtained thus : Combine 
equations (1) and (3) and eliminate x, thus deducing an equation 
involving «. Ckimbine equations (2) and (4) and ehminate y, thus 
deducing another equation in %; and since there can be no com- 
mon point unless these equations give equal values for s, it follows 
(the second member of both being 0), that for each equal value of 
z the firat members will have a common divisor of the form z — a; 
hence, if we seek the greatest common divisor of thi^e first mem- 
bers and place it eq^ual to 0, the roots of the resulting equation 
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will give all the values of s which will satisfy hoih ec[uations. 
Those which g^ve real values of x in (1) and (3), and real values 
of >/ in (2) and (4), will correspond to points of intersection. By 
applying this process to the above equations we find for the great- 
1, common divisor s* — 3, which placed equal to 0, gives 

the same values before found. 

If only the form of the equations of two curves should be given, 
the eonstants which enter them being arbitrary,, cc and y may be 
eliminated, as above, and then such values may often be assigned 
to these constants, as to give the first members of the resulting 
equations in «, a common divisor of the first or higter degree, 
thus causing the two curves to intersect in one or more points. 



OF THE PLANE, 

64, The equation of a surface is tm equation which expresses 
the relation between Hie co-ordinates of every point of tke sur- 
fie. 

A plane surface may be generated, by moving a straight line, 
so as to touch another strsoght line, and have ail of its positions 
parallel to its first position. The moving line is called tke genera- 
trix ; and the line on which it moves, or which directs its motion, 
the directrix. 



? = «'» + '' (1), 

e the equation of any right line, DB, in the plane XT, and let 



H.sBSbvGoogle 



inhetermisate 



wliicli is to be mored o 



be tto equatiorg of a right Hue in spaci 
the line DB, so aa to generate a 
plane. Since the moving line must 
always be parallel to its first po- 
sition, a and b will reniEun tlie same 
in all of its positions, while a and ^ 
will change, as the line ia moved 
from one position to another. But 
a, and /3 are the co-oi-dinates of the 
point, in which the line pierces tlie 
co-ordinate plane XY, Art. (46), and si 
the line DB, the values of a, ani 
must, in al! positions of the generatrix, satisfy equation (l), when 
substituted for the variables. The values, t 




this point must be on 
from equations (2), 



and these, substituted for x and j/ in equation (1), give 

y - b^ = a'{^ - a^) + h' (3), 

which expresses a relation between the co-ordinates of the different 
points of the generatrix, in all of its positions ; it ia, therefore, the 
equation of a plane. If this equation be solved with reference to 
r, and the coefficients of 3^ and y be placed equal to c and d, re- 
spectively, and the absolute term equal to ff, we have 



: = ex -h dij + ff... 



...(4), 



a form analogoua to that of the right line. Art. (24). 

Since this equation contains three variables, -either two may be 
assumed at pleasure and the corresjwnding value of the third de- 
duced ; the three, taken together, will be the co-ordinates of a 
point of the plane, which may bo constructed as in Art. (40), and 
as any number of its points may he determined in the same way, the 
plane will evidently be given when the constants which enter its 
equation are known. 
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And, in general, any surface will be given, anEilytieally, when 
the form of its equation and tlie constants wliich enter it are 
known. 



66. Tlie intersection of a plane witt either co-ordinate plane 
is called a trace of the plane. 

For every point of tke plane, which lies in the, co-ordinate plane 
XZ, y must be equal to 0. Substituting this value for y, in 
eqnalion (4) of the preceding article, wo obtain 

== = -^ + 9 (1), 

in which a; and '^cau only belong to points of the plane lying in 
the plane XZ. This is (hen the equation of the trace, EC, on the 
plane XZ. 

In the same way, for all points of the plane, in YZ, x must be 
equal to ; whence 

' = d'J + S (2), 

is the equation of the trace, DC, on the plane YZ. 
By making z ^^ 0, we obtain 



'or the equation of the trace, BD, on the plane XY. 
For all points in the axis of Z, ck and y must be equal to 0. 
Substituting these values for x and y in equation (4), we fir 



which is the distance AC, cut off \ij the plane on the axis of Z. 
In a similar way, we find the distances cut olf on the axes of 1 
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INDBTBEMINATE GEOMETRY. 67 

If 17 = 0, these distances become 0, the plane will pass 
through, the origin, and its equation become 

K =; ex -j- dy, 

without an absolute term, as it should he, since the co-ordinates of 
the origin will then satisfy the equation. 

If e = 0, the distance AB beconias infinity, and the plane 
ia parallel to the axis of X, or perpendicular to the co-ordinate 
plane YZ, and its equation hecomes 

z = dy -^ g, 

the same as tiat of the trace on ZY. It should be remarked, 
howevei:, that for the plane, x may have any value, or is indeter- 
minate, since its coefficient c is ; while for the trace, x must he 
equal to 0, as we have seen. 

If d = 0, the distance AI) becomes infinity, and the equa- 
tion of the plane pei-pendicular to XZ, 

s = ca: -1- jf, y indeterminate. 

In the same way, if equation (3), Art. (55), had been solved 
■with reference to y or x, it might be shown that the equation of a 
plane perpendicular to XY, would be fke same as that of its trace, 
z being indeterminate. 



5'7. Every equation of the firat de^ee between three 
will be a particular case of tlie general equation 

A:5 + By -f Os! + D = 0, 

and this, when solved with reference to s, gives 



II equation of the same nature and fi 
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z ^ ex + dy + ff (1), 

and will therefore represent a magnitude of the same kind ; that 
is, ev0>y equation of the Jtrst degree between three variables is the 
eqyatian. of a plane, and when solved with reference to %, will ap- 
pear under the form (1). 



be the equations of a right line, and 

~ ^ cr -Y dy ^ q (2), 

the ei^uatun of a pline Those vUue'* oix y ind z nhiuhj ulien 
tiken together, mil sitisty these three equations at the simo timp, 
must be the co oidm'itPs ot a poiat common to the line md 
plane Therefore by combining tho equations and deduung the 
^iluea of X, y and z we shall obtain the co-ordinite^ of the point 
m whi(,h the line pierces the \ liaw Substituting the i alues of x 
and y, from equations (1), m equation (2), we find 



and by the substitution of this value of e in equations (I), we may 
deduce the coiTesponding values of x and y. If 

I — ac ~ Id = 0, 

the values of z, x and y will become infinite, the point in whiuh 
the line pierces the plane will ba at an infinite distance, and the 
line -mil he parallel to the plane. The last equation ia then the 
analytical condition that a right line shall he parallel to a plane ; 
or, that a right line, having one point in a plane, shall lie wholly 
in the plane. 
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In the same way, the poicta in which any line, ia space, pierces 
a surface may be found; since the two equations of the line, witi 
the equation of the surface, will always give three equations, by 
the comhination of which, values of the three variables may ho 
deduced which will satisfy the equations at the same time. The 
number of sets of real values thus found will indicate the num- 
ber of coraraon points. 



X = ex + lit/ + ff, 

be the equation of a piano, and suppose any straight line to be 
drawn perpendiculai' to the plane. If through the point where 
the plane cut* the axis of Z, a iiiie be drawn parallel to the given 
line, its equations will be of the form 



in wtich a and 6 are the same a 

in the equations of the given line, -21ft,, 

Art. (4'7). Since this second line 

is also porpendicuJar to the plane, 

it must be perpendicular to the 

traces, BC and DC, which are two 

lines of the plane passing through 

its foot. The equations of the 

trace BC, Art. (56), may he put 

under the form 



: is + ( 




since the projection of BC, on the plane YZ, coincides with the 
axis of Z. 

The general equation of condition that the right line shall be 
perpendicular to the trace is. Art. (49), 
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1 + oo- + bV = (1), 

in wliicb, from the above equations of tlie trace, we must have 

.■ = i S' = 0. 

Substituting ttese values in equation (l), we obtain 



for the condition that the line shall be pei-pendionlar to the trace. 
In a, Eimilar way, for the trace DC, we have 



d 
a (1), giv, 



are then the analytical conditions that a straight line shall be per- 
pendicular to a plane. 

Condition (2) proves also that the projectJOTi CM is perpen- 
dicular to the trace BO, Art (28) ; and condition (3) ptoves that 
the projection CM' is perpendicular to DO. Hence, if a right line 
is perpendicular to a plmte, ils prqjeetiims are perpendicular to the 
braces of the plane, respeeiively. 

60. I/et x', y\ J', be the co-ordinates of a given point, .and 

« = « + i, + g (1), 

the equation of a given plane. The equations of a right line pars- 
ing through the given point will be, Art, (50), 

,-,■ = »(>- .•) , - ,' = J(. ^ ,■) (2). 
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If tliis line is required to be pta'pendicular to the plane, we 
must have, by the preceding article, 

a = - c, b ^ - d. 

Substituting these values in equations (1), wo have 

I -«.=_,(, - .'), !, _ J,' = - J(. _ ,■) (3), 

for the equations of a right line passing through a ^ven point 
and perpeiidiculai' to the plane. 

The point, in which this perpendicular pierces the plane, may 
be found as in Art. (58), by combining equations (3) with equa- 
tion (1) ; and the distance between this and the given point, or 
the length of the perpendicular, by means of the formula of Art. 

Find the equations of a straight line passing through a point 
wliose co-ordinates are 



and perpendicular to the piano whose equation is 
23: — Sij + 4z -i- I = 0. 

Find also the point in which the line pierces tJie plane, and the 
length of the perpendicular. 



61. The angle, made by a straight lino with a plaae, is the same 
as the angle included between the line and its projection on the 
plane. Therefore, if through any point of the line a perpendicular 
be drawn to the plane, this perpendicular, a portion of the line and 
its projection on the plane, will form a right angled triangle, of 
which the angle at the .base will be the angle made by the line 
and plane, and the angle at the vertex, ita complement. 

Denote the first angle by A, and the angle formed by the given 
Une and the perpendicular by V. Then, the hne being repre- 
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ipntfld by equations (1) and (2), Art. (44), and the piano by 
equation (4), Art- (65), the perpendicular will be represented by 
e [uations (1) of the preceding article, and by substituting ■— c for 
a.', an.l - d for h' in the formula (3), of Art. (49,) we have 

.... V ._. _L_ ■[ - o^ - bd _. . 



Vl + u^ + &= Vl + e' + d" 
I which we determine the sine of A, and thence the angle 



itself. 



the angle becomes 0, and the line Is parallel to tlie plane, 
dition before determined, Art. (58). 



X = c'^ + d'^ + ff' (2), 

be the equaliona of two planes. Those values of x, y and x which, 
will satisfy both of these equations, at the same time, must belong 
to points common to the two planes. If then we combine these 
equations, a;, y and s in the result can only belong to the line of 
intersection ; and if one of the variables, as z, be eliminated, we 

(c _ c')x + {d - d')y Jr 9 ~ 9' = (3), 

which must bo the equation of the projection of this line of inter- 
section on the plane XY In the samp way, if the equations be 
combined and x be ehmmated, the lesult will be the equation of 
the projeelJon of the hne of intersection on the plane YZ, Two 
projections being thus deteimmed, the line will be known. 

If such a relation exist*, between c, c', d and d', that no values 
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of X and y will satisfy equation (3), the planes can not intersect, 
but must be parallel. This can only be the ease when c = c' 
and d ^= d', as we shaO then have 



which can not he if the plar 



are the (molyticnl conditions that two planea shall be parallel. 

By referring to the equations of the traces of these planes, we 
see that c ^ e' is the condition that the traces on the plane 
ZX shall bo parallel, Art. (28), and that d = d' is the con- 
dition that the traces on the plana ZY shall he parallel ; hence, 
if two planes are parallel, their traces are parallel. 

If the plane represented by equation (1) is parallel to the co- 
ordinato piano XY, its traces on XZ and YZ must be parallel, 
respectively, to the axes of X and Y ; hence, by a reference to the 
equations of these traces, Art, (56), we see that 

c = 0, d = 0, 

and that equation (I) reduces to 

z := g, X and y indeterminate, 

for the equation of a plane parallel to the co-ordinate plane XY, 
If ^ ^ 0, also, we have 

X =^ 0, X and y indeterminate, 

for the equation of the eo-ordinato plane XY, 

If the plane represented by (1) is parallel to the co-ordinafo 
plane YZ, its traces on XZ and XY must he parallel to the ascs 
of Z and Y, which requires 

1 = 0, _ i. = 0. 
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These values, substituted in equation (1), placed under the form 



:i: =: — ^ 01' a; = A, y and « indeterminale, 

for tlie equatJon of a plane parallel to YZ, and at a distance from 
it equal to ~. 1- = Ji- 
lt ^ = 0, also, we have 

X = y and s wdeierminate, 

for the equation of the plane YZ ; and similar equations may be 
found for a plane parallel to XZ, and for the plane XZ itself. 

The preceding method of finding the intersection of two planes 
is applicable to any surfaces whatevor, Tims : Combine the equar 
tions of the surfaces, and eliminate one of the vai'iables, the result 
will be the pquation of the projection .of the intersection on the 
plane of the other two variables. Combine the equations again 
and eliminate another variable, the result will be the equation of 
the projection on another plane, and the intersection will he thus 
determined, 

Fin'l the intersection, of the two planes whose equations are 



a: + 2y - 3i + 1 :- 0. 

63. If through any point, within the ingle included by two 
planes, a line he drawn perpendicular to e'uJi pLne the ang^le in- 
cluded by one of these lines and the probncition of the other, 
will be equal to the angle included by the planes Let th; equa- 



H.sBSbvGoogle 



tions of the planes be the same as in the preceding article, then 
the equations of the perpendiculars will be, Art (60), 

^ - '^ = - c {S - z'), y-y'=-d(z- z'), 

X —X' = - C- (Z- i'), y - y' = - d'{%- X% 

If we denote the angle which these lines make, by A, and then 
substitute — c and — c' for o and a', and — d and — d' for 6 
and h', in formula (3), Art, (49), we have 



Vl + c^ + d^ Vl" + e's "^+ d^ 

from which we deduce the value of cos A, and thence of A itself, 
which will express the number of degrees, &c, contMned in the 
angle of the planes. 

If the two planes are parallel, we have A = 0, cos A = 1. 
By substituting this value of cos A, clearing of denominators, Ate, 
as in Art. (49), we may deduce the same equations of condition as 
in the preceding article. 

If the two planes are perpendicular to each other, we must liave 
A =^ 90°, cos A = 0, which requires 

1 + m' + dd' = 0, 

the equation of condition thai two planes shall he perpendiatktr to 
each other. 

If the first plane coincides with the plane XY, we have, ii-om 
the preceding article, 

c = d = 0, 

aud cos A reduces to 



vn^c 
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for tte cosine of the angle made by the Becond plane with the 
eo-ordinate plane XY. 

If the same plane coincides with the plane YZ, we have 

1 = 0, ^ = 0, 

and these values substituted in equation (1), first placing it under 
the form, 



V4 + ^ + ? vT+ c'^ + d-" 



reduce it to 



Vl + c'^ + d'^ 

for the cosine of the angle made hy the second piano with the 
plane YZ. 

If the plane coincides with XZ, we have 



and equation (l) may be reduced to 



Vl + c'^"+ d'^ 



In the aime way, if the second plane be made to coincide, in 
auccessnii with each co-ordinate plane, we may deduce for the 
ingles \ \ and Z', made by the first plane with the co-ordinate 

„ X' = 1_ _ , CO, y = J— , 

Vl + c= + d^ Vl + c^ + d^ 
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Vl + c^ + d^ 

If both members of tkese three equations he squared and the 
results added, member to memher, we find 

cos^X' + eos^Y' + cos'^Z' ^ 1. 

E the values of eos X' and cos X" he multiplied tog'ether, also 
cos Y' and cos Y", cos Z' and cos Z" and the three products 
added, we obtain 

cos X' cos X" + CDS Y' cos Y" + ca% Z' cos Z" = cos A, 

an espression for the cosine of the angle formed by two planes, in 
terms of the cosines of tho angles made bj the planes with the 
co-ordinate planes. 



64. Let x', y', i', be the co-ordinates of a given point, and 

:. =. ex ■{. dy + g (1), 

the general equation of a plane, in which c, d and g are arbitraiy 
constants. If the given point is in this plane its co-ordinates must 
satisfy the equation and ^ve the equation, of condition, 



Subtracting this equation, member by member, from (1), we in- 
troduce the condition into that equation and obtain, 

s - i' = c(3; - ^•) + &{y - y), 

for the equation of a plane passing through a given point, in 
which c and d are still arbitrary. 

65. If the plane, represented hy equation (l) of the preceding 
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article, be required to contain the three given points x', y', %\ x", 
y'', z", and x'", y'", z'", these co-ordinates, ■when suhstituted in 
succ^sion for the variahles, must satisfy the equation and give 
the three equations of condition, 

z' = ex' + d>/' + g, 



%•" =L cx'" + dy'" + ff. 

From these three equations, the values of the three constants c, 
d and g maj- he determined, and substituted in equation (1). 
The result will be the equation of a plane passing through three 
given points. 

jRnd the equation of a plane passing through the three points, 



TRANSFORMATION OF CO-ORDINATEB. 

66. In developing and discussing the properties of lines and 
surfaces, it is often of groat advantage to change the reference of 
their points from one system of co-ordinates axes or planes to ano- 
ther. The system from which the change is made is called the 
primitive system ; the one to which it is made is the new system ; 
and changing the reference of points, from one system of co-ordi- 
nate axes or planes to another, is called the transfbrmatUm, of co- 
ordinates. 

If a line or surface he given by its equation, and it be required 
to change the reference of its points to a new system of co-ordinate 
axes or planes ; it is only necessary to deduce values for Ikn primi- 
tive co-ordinates in terms of the new, and to substitute these values 
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for tte vajiables in the given oijuatioii. Tlie result, expresaing a 
relation between the new co-ordinates of the points, will of course 
be the equation of the line referred to the new system. 

From the nature of this operation, it is erident that no change 
whatever takes place, either in the nature or est«at of the line or 



61. Let AX and AY be any set of co-ordinate axes, and AX' 
and AY' any other set having the same origin. Denote the augle 
included between AX and AY by /3, 
and let a and a' denote the angles 
made by AX' and AY', respectively, 
with AX. Let AP = a and 
MP ^ y be the co-ordinatoa of any 
point, as M, when refeiTed to the first 
set, and let AP' = a:' and 
MP' = y' be the co-ordinates of tlio 
second set. Through P'. drf 
le! to AY. 

In the triangle ASP', the 




point referred to the 
P'R parallel ta AX and P'S paial- 



AP^S = P'AY = ^ — a, 

and since the sides are as the si 
have the two proportions, 

AS : AP' : : sin (;3 - 

P'S : AP' 1 : sill a : sir 



11 ASP' ■- 



n YAX = 



les of their opposite ang 
t) : sin ASP' or sin /3, 



In the triangle P'RM, 
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FMR = YAY' = 13 ~ a', MP'R = Y'AX -- 

MRP' = P'SA, 
and we have the proportions 

P'R : P'M : : sin (/3 - a') : sin (3, 
MR : P'M : : sin a' : sin /3 ; 



P'R = y'sin ( H-^ ^^ ^ t^J^:. 

sin f3 ' .in /3 

We have also 

AP = AS + P'R, MP = P'8 + ME. 

Substituting, in these equations, the values above deduced, i 



a/l 



a. + / .ill 



in which the values of the primitive eo-ordinates are expressed in 
terms of the new and constants; and these are the formulas, for 
passing from any system of rectilineal co-ordinates to atiothev 
having the same origin. 

If the new origin is different from the primitive, at A', for in- 
stance, it is evident that wo havi 
simply to add to the above values, 
a' and 6', the co-ovdinates of the new 
origin referred to the primitive sys- 
tem. We thus obtain 

{13 -. .) + y' sin ( ,a - «0 
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a ^ " +t 



sin 13 



gemroX forrnulas for passing f mm one system of rectiliTieal co-ordi- 
nateg to any other, in the same plane. 

If the new ases of eo-ordinates are required to be parallel lo 
tlie pi'iniitive, we have 

and the above formulas reduce to 

X = a' + x\ y ^ b' + y' (2), 

formulas for passing from any set of co-ordinate axes to a parallel 
set, in the same plane. 

If tlie primitive axes are perpendicular to eact other, wo have 

/3 = 90=, sin /3 = 1, sin {^ - a) = cos a, 

sin (/3 - a') = cos a', 

and formulas (1), reduce to 

a^ = a' + ai' cos a + J/' cos a' 

(3), 

y r= I' + x^ ain'x. + y' sin a.' 

fm-mulas for passing from a, system of reclangular co-ordinate axes 
to an oblique system, in the same plane. 

If the primitive axes are perpendicular to each other, and also 
the new, wo have 

and formulas (1) reduce to 

, = a +,co,.- j™. ^^^^ 

y = h' 4- a;' sin a + y' cos a. 
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formulas for passing from a system of rectangular co-ordinate axes 
U> another system, also rectangular, in the same plane. 

If the new axes, only, are perpendicular to eaeli other, we have 

and formulas (1) reduce to 

, - a' A. '' °° (i3 - ») - y ■» o - ») 



formulas /or passing from a, system of oblique co-ordinate axes to a 
rectangular system, in the same plane. 

If the new origin be the same as the primitive, a' and b' in each 
of the above foimulas will be equal to 0. 

68. We may illuatrate the use of the formulas of the preceding 
ai'licle by the following 

Examples. 



: E'... 



,..(1), 



be the equation of a circle referred to its centre and rectangular 
co-ordinate axes, Art. (35), and let it be proposed to change the 
e to a parallel set having the origin at the point C. 

The co-ordinates of the new origin will 




and these valu( 
them to 



6' = 0, 
n formulas (2), reduce 
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Subatituting these last values for x and y in equation (1), and 
ceducing, we, obtain 



an eiquation before found in Art. (38). 
2. Let 

y = <^ + b (2), 

be tbe equation of the riglit line A'B, referred, to the rectangular 

axes AX and AY, and let it bo proposed 

to find the equation of the same line 

referred to the axes A'X' and A'Y', also 

at right angles, tlie axis of X' making 

an angle of 45° with tbe axis of X and 

having the new origin at A', the point ■"■ -^ 

where the given line cuts the axis of Y. The general formulas to 

be used in this case are formulas (4), in which 

These values reduce tbe formulas to 

X = {x- - y) COS «, J, = 6 + (^ + y') cos a, 

and substituting these values for x and y, in equation (2), we have 

6 + (^ + J'') cos « = «(a' - y') cos a + ^ 
or reducing, 

, _ a — \ , 

69. Let AX and AY be a set of rectangular co-ordinate axes, 
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/^ 


l^ 






I i 


X 



IK DETERMINATE 

and M any point referred to them 
by the co-ordinates AR = x, and 
MR = 1/ ; and let P be the pole, and 
PS the fixed lino, to whieh the point is 
referred by the radius vector PM = r 
and the angle MPS = v, Art. (18). 



AO = a', OP = b', SPT = a. 

In the right angled triangle, MTP, wo have 

PT -= J- cos {» + a), MT = r sin {v + a). 

Substituting tlie above values in the equations 

AK ^ AO + FT, ME = OP + MT, 



>s(. + a.), 



b- + r^m{v + «) (1), 



which are general formulas, /(W pasdng from a system of rei 
angular eo-ordinates to « system, of fcMv co-ordinates, in the sar, 
plane. 

The fixed line is generally taken parallel to the axis of X, ■ 
which case a, := 0, and formulas (1) reduce t« 



: i' + » 



If the pole ia at the origin, we have a' ^ 0, 
l-'roin the second of equations (1), we deduce 



...(2). 



i]i wiiich, if y '^ b', y — V ia positive, the point M is aI)oi"e 
tiie line PT, and sin {v + a.) also positive ; hence, the value of 
r mil be essentially positive. 
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If y < 6', y — 6 IS negati\e, tlie point M la below FI 
sin {w + «) also negative, and the value of r poaitii e 

Tli^ value of the ladias lecloi is thbrefote always positivt 
Hence, if in discussing tlie ecination of a line lefened to i hied 
point and fixed right line, usually called the polar equation of Uie 
line, a negative value of the labus vectoi is found, it must be rt 
jected, as there can fee no coiiesponding point. 



70, To illustrate the principles of tha preceding; article, let it 
be proposed to detei'diiie and diacuas the polar equation of the 
circle. Its equation referred to the 
rectangular axes AX and AY, is 



«« + y« 



: K!>... 



...(1). 



Suppose the fixed line PS, from 
which the angle v is estimated, is 
parallel to the axis of X, ^ye must 
then use formulas (3), Squaring the values of x and y, 

x^ = a'^ + 2a'r cos v + r" cos^ v, 




Substituting these values in equation (I), recollecting that 

and reducing, we obtain 

*■" + 2{a' C03P + b' sin vy -f- a'^ + l"" - R' = (2), 

for the general polar equation of the circle. 

By attributing particular values to «' and I', the pole may be 
placed at any point in the plane of the circle. 

If the pole be placed at C, we must have 
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and ttese, in equation (2), give 

>■= — 3R cos vr = 0. 
This equation gives t\yo values of r, 

r = 0, r = 2K cos !>. 

These two values of r represent the distances from the pole to 
the points in which the radius vector, making any angle v, cuts 
the drcle. Since the pole is on the curve, one of these values 
J8 necessarily 0, whatever be the angle v. The second may then 
represent any radius vector as CM. 

If ifl this second value ?; — 0, we have cos v = 1, and 




: 3R = 



OB, 



iS the positio 
jnd fiO°, its . 
and gives no point of the c 



which gives the point "B. As v in- 
creases, cos V will remain positive until 
V = 90°, in which ease cos u = 0, 
. r heconies 0, and the radius vector 
II CM' tangent to the circle at C, As v increases 
negative, the value of r is negative 
eve, until v becomes equal to 270", 
when cos «i = and r = 0, taking the position CM'". 
As V increases beyond 370°, its cosine is positive, r is positive and 
gives points of the curve nntil v ^= 360°, when we ag.iin have 
r = CB. 

Prom this we see that as v increases from to 90°, we obtsun 
all the points in the semi-circumference EDC, that no poiats of 
the ensve are on the left of the line M'M'", and that as v increases 
from 270° to 360°, we obtain all tho points in the other semi- 
droumference. 

The second value of t is readily verified, since in the right 
angled triangle CMB, we have 
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CM = CB COS BCM or r = 2R coa v. 

If tie pole is placed at B, we have 

o' = R, h' = 0, 

and etiTiatJon (2) gives the two values 

,- = 0, J- = — 2R coa V. 

The second value of r will be negative for all values of v less 
than 90° or greater thaa 270°, and positive for all values from 
90° to 27 0°. 

If the pole is placed at the centre, we have 

a' = a, b' = 0, 

and eriiiation (2) reduces to 

r = K, 
V hein</ indttaminatf, Mnce it-, coefficient is e^u^l to 



71 By rcfl'^Lting upon the dwcussion cont-jined in the three 
preceding aidcles, we see that two classes of propositions may 
arise m the tiansfoimation ot eo ordm'ite' 

Fust, when it is piopo=ed to cimge the reference ttom a 
given set of co-oidinate a-ies to another set, the e\nct pui^ition of 
which 16 Itnjwn. In this case the lonstanta which enter the laluea 
of the primitive co-ordinates are given. 

Second ; when it proposed to change from a given set to ano- 
ther, the position of which is to he determined, so that the result- 
ing equation ahall assume a certain form, or tlio new set fulfil 
certain conditions. In this case, the constants ahove referred to 
are arbitrary, and by assigning values to them, as many reasona- 
ble conditions may be introduced as there ai'e such constants, and 
the position of the new co-ordinate axes thus determined. 



H.sBSbvGoogle 



GEOMRTKY. 

id AZ, be three co-ordinate axes at riglit 
angles to each other, and AX', 
AY' and AZ', three oblique axes 
having tho samo origin. Do- 
note the angles made by the 
new axis AX' with the three 
primitive axes of X, Y and Z, 
respectively, by X, Y and Z, 
those made by tte axis AY' 
with the same, by X', Y' and Z', 
and those made by AZ', by Z", Y" and Z". 

Let M be any point, in space, referred to the primitive planes 
by the co-ordinates se, y and s. Through this point draw the line 
MP parallel to AZ', until it pierces the new plane X'Y', in the 
point P ; through this last point, draw PR parallel to AY', until it 
intersects the new axis of X', in E ; then 




AE = 



PR -- 



MP -. 



are the co-ordinates of tie point M refen'ed to the oblique co-ordi- 
nate planes. Through the points M, P and E, pass planes paral- 
lel to the plane XY, intersecting the axis of Z in M', P' and R'. 
AM' is equal to s, and the lines AR, RP and PM, are the hypothe- 
nuses of right angled triangles, the bases of which are AB', ER" 
and PP", and the angles at the bases, Z, Z' and Z". From these 
triangles we have 

AE' = AR cos Z, ER" = EP cos 7J, PP" = MP cos Z". 

Substituting these values for their equals in the equation 

AM' = AR' -1- R'P' + P'M', 

and for AM', AE, RP and MP, their values, wo have, 

I = a^' cos Z -j- y' cos Z' + j' cos Z". 
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In a Kmilar way, by drawing lines through the point M rospec- 
tively pai'allel to the new axes of X' and Y', we may deduce 

3 = a' cos X + y' cos X' + ^' cos X", 
y ^ X- cos Y -f y> cos Y' + x' cos Y". 

These three equations taken together express the values of the 
primilive co-ordinates in terms of the new, and are the formulas 
for changing the reference of points from a set of co-ordinate 
planes at right angles, to another set oUique to each other, having 
the same origin. 

If the origin be also changed to a point whose co-ordinates are 
«, 6 and e, these formulas become 



...(1). 



!! = c + jr' to= Z -1- V' cos Z' -!- *' cos Z", 

In these foimulas theie are tneho constants; hut since the 
angles X, Y, Z, &c , made by each of the new axes with the prim- 
itive, must fulfil the tandition expressed in eq^uation (4), Art. (48), 
thus forming three equations of condition, we can, by means of 
these constants, introduce only nine independent conditions. 

If the new axes aie also perpendicular to each other, we shall 
have the cosines of the angles, included between each set of two, 
equal to ort Placing the expressions for these cosines, Art. (48), 
each equal to 0, we have three more equations of condition exist- 
ing between the arbitrary constants. 

H the new axes are pm'allel to the primitive, we have 

X = 0, Y' = 0, Z" = 0, 

and each of the other angles equal to 90°, hence the above formu- 
las reduce to 
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which are the foiinulas for passing from a set of planes at riffhi 
angles, to a parallel set. 



73, Let M be any point, in space, referred to the three 
rectangular co-ordinate planes, hy 
the co-ordinates 




and to the fixed plane XV, tlie lino 
AX and the point A, by the polar 
co-ordinates, Art. (43), 



AM = r, MAP = V, RAP r 

The right angled triangles ARP and MI'A, give 



Suhatituting the value of AP, the firat three equations give 

■which S.TG fortrndas for passing from a system of rectangular co- 
ordmates to a system of polar co-ordinates, in apace. 
From the last of the above equations, we have 



and since x and the sin v will always have the si 
vector mil always be positive. 

The equations of tie radius vector in any o: 
will be of the form, Art. (45), 
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Substituting the values of x, y and *, taken from formulas (I), 

a = cot -u cos u, b ^= cot V sin «, 

and these, in equations (2), give 

a; = cot u cos MS, y = cot v sin MS, 

which will be given, whea (^ and ?! are known. 

OP THE CYLINDER. 

14. A cyliTidrkal surface or cylinder, may be generated by 
moving a straight line, so as to touch a given curve and have all 
of its positions parallel to its first position. 

The moving line is called iAe^memfm;; and the given curve 
the directrix of the cylinder. 

The different positions of the generatrix are called elements of 
the surface. 

The curve of intersection of the cylinder, by any plane, may be 
regarded as the base of the cylinder ; and when the elements are 
perpendicular to the base, the surface is a right eylinder, 

15. If the directrix of the cylinder is a plane curve, its piano 
may be taken for the co-ordinate plane XY, and its equation may 

generally, by 

fi^,!/) = (1), 



which is read, a function of x and y equal U> zero ; the first mem- 
ber being a symbol to indicate an expression containing x, y and 
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constants ; or that x and y a 
without the other. 
Let 



o connected that one can not v 



a; = a3 + a, y = hz 

e equations of a nght 1 ne which k to be n 




ei so a 



^ to gen- 

p the difieient positions of tii3 genemti'ix 

1 a n t nstint while as the I ne is moved 

(lom. one position to another, a 

and /3 must changp But a and 

^ are the eo-oi'dinatea of the point 

in which, the generatrix pierces 

the plane XY, Art. (46), and 

since this point must be on the 

directrix CD, the values of a. and 

r, when substituted for x and y, must satisfy equation (1). These 



. ht, 



and when substituted ii 



ec[uation (1), give 

- az, y ~ hx) = 0, 



an equation expressing the relation between, the co-ordinatea of 
the different points of tJie generatrix m all of its positions It lo, 
therefore, the general equatinn of a cylinder, of whuh the dnectn\ 
may be regarded as the base. 

In oi'der then, to obtain the particular equation ot a cyhnder, 
whose directidx is ^ven, we have simplj to sulstilvle, /» \ ni J y 
in t!te eqiuitioii of the directrix, ike erpieiaom 

X — at, y — 6s. 



76, If the directrix is a circle, whose equation ia 
x^ ^ y'^ = B.\ 
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the origin being at the centra, we taye, by making l3ie substiti 
tions above referred to, 



(I - „if + {, - 



iJce eqitalioii of an oblique cylinder with a circular base. 

If this cylinder be intersected by a plane parallel to XY, tbe 
equation of which, Art. (62), is 

z =^ ff, a; ami y indeterminate, 

we have, by combining tke equations, Art. (63), 

{I - «,)' + (V - h)' = K" 

for the projection of the cune ot interseLtion on \Y. But this is 
evidently the equation <if i, lulIb, whoae ndiua la E, Art. .(34), 
and therefore eqiial to the base But since this intersection is 
parallel to the plane XY, its projection is evidently eqnai to the 
line itself. "We therefore conclude, th'it if a cjlinder, with a cir- 
cular base, be intersected by a plane pirallel to the base, the inter- 
section will be a circle equal tu the bise 

If a and b are equal to 0, the generatrix becomes parallel t« the 
axis of Z, or perpendicular to the base, the <,ylindei becomes right, 
and equation (1) reduces to 



s the equation of the base, z being indeterminate. 



OF THE CONE. 



urface, or cone, may be generated by moving 
stnught line, so as, continually, to pass throug'h a lixed point a 



touch a given c 
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The fixed point is the vertex )t the cone and the ] art'! of tlie 
surface sepaiated by the \fcite\ iio 
called rvjppe^ 

The mterseotion of tip cone hv v\.y 
plane may be regarded a^ ts hi'^e 
Th light 1 ne diawn fiom the \eite\ 
to the centre ot the base i-, lie ax s 
of the cone and if this ajjs is per 
pendiouhr to the [lane of the bise 
the conu IS a rig). I cine. 



78, If the directrix of the cone is a plane curve, its plane TUisj 
be taten aa the co-ordinate plane XY, and its equation he repre- 
sented as in article (75), by 

/(«) = (1). 

If ar', y' and z' are the co-ordinates of the lixed point, or vertex, 
tbe equations of the generatrix will he, Art. (50), 



in which a and h change as the generatrix is moved from one 
position to another. These equations may be put under the form, 

X = az -If [x' - az% y = Iz -\- (i/' - fe'), 

in "which the absolute terms, 

«' — O'^', y' — ^^', 

are the co-ordinates of the point, in which the lino pierces the 
plane XY, Art. (46), and since this point is on the directrix, what- 
ever be the position of the generatrix, these values, when substi- 
tuted for iC and y in equation (1), must satisfy it, and give 

/(!' - a.', ,/ - U) = 0. 
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,n this equation, the values of a and 1>, in terms of 
E, y and x, deduced from equations (2), 



e after reduction, 



//" ''•- •-' , ''' - '''l \ ^ 0... 



an equation expressing the relatioa between x, y and %, for all 
positions of the generatrix. It 13, therefore, the general eqvaiion of 
a cane, of which tlie directrix may be regarded aa the base. 

la order then to obtain the particular equation of a cone, whose 
directrix is given, wo have simply to substitute for x and y, in the 
equation of the directrix, the ex^resdons, 



'19. If the directrix is & circle, whose equation is 
I- + y' = E- 
ive have, hy making the substitutions above refened to, 



(^^^(^^ 



= R'r 



for the eqwation of an oblique cone with a circular base. 

If this coae be intersected by a plane parallel to XY, the equa- 
tion of which, Art (62), is 
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e = g, X Mid y indetermkiale, 

we have, by combining tie eijuations, 

i^S - ''")' + {I'S - "Sf = E- (S - '% 

for the projection of the curve of intersectioa on XY. By di- 
viding boti. members by i'\ this eq^uation may be put under the 



(^-'j-^e^-j 



which is the equation of a circle, tlie co-ordinates of whose centre 

are — and — , and the radius, fie square root of the second 

member, Art. (34). This projection being equal to the curve itself, 
we conclude, that if a eoue, with a circular base, be iaiersecfed by 
a plane parallel to the base, the inierseetkm will he a circle. The 
radius of this circle will decrease as g increases, until g = %', 
when the radius becomes and the equation takes the form 

(:.' ~ xY + {y< - vY = 0, 
which can only be satisfied, -Art. (49), by making 



the vertes of the cone is on tho axis of Z, at a distance, from the 
origin, represented by A ; the cone becomes right, and equation 
(1), of the preceding article, becomes 
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INDETERMIHATE ( 

{X' + ,')k' = B>(> - 4)", 



('■ + ?•)!- = (.- ;.)' 




If the angle, made by the elements of tlie cone with the plane 
of tlio base, be denoted by v, wo have in the right angkd ti'iangle 
VAB', 



tang AB'V = 



tangw 



and equation (1) becomes 

(a;' + y^)tang«i, = (» - hf (2), 

for the equation of a right cone with a circular base. 



81. Through tho axis of Y, in the figure of the precedi 
let a plane be passed intersecting the cone. This plane 
pendicnlai- to the plane XZ, its cc[uation will be the same 
its trace on XZ, ^ being indeterminate. Art. (56), Let 



,ng article, 



s that of 
le angle, 
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whict tMs plane mates with XY, be denoted by u, the equation 
of its trace, AR, will be, Ait. (24), 

X = tang Mt, 

The eqaationa of the curve of intersection of the plane and cone 
may now be found, as in article (62). But as the different curves, 
obtained by changing the position of the cutting plane, form a 
class possessing very remarkable properties, the discussion of which 
ia much simplified hy referring the intorscclion to lines in its own 
plane, the latter method is chosen. 

Let us then take the right lines AX' and AT, as a new system 
of rectangular co-ordinate axes, and let us eatimate the positive 
values of x' from A to X', and the positive values of ^/ from A 
toY. 

Let M be any point of the curve of Intersection. Its co-ordi- 
nates, refeiTed to the primitive planes, are 

X = AV, y = ME, s = EP, 

and referi'ed to the new axes, AX' and AY, 

-■ a' = AR, y' = MR. 

From the right angled triangle APR, we have 

AP = AR cos M, EP = AR sin «, 

or 



t/ = f- 

If these values of x, y and x be substituted in equation (2) of 

the preceding article, the result expressing a relation between a;' 

and y' for points common to the plane and cone only, will be the 

equation of the intersection. Making the substitution, we obtain 

{x''^ cos' u + y'^) tang« v ^ {— x< sin u — hf, 
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INDETERMINATE ( 

or performing the operaticm indicated in the second member, and 
transposing, 

y'^ tang* v = «'= m\j^ u — a^^ cos' u tang' v + 2x'h sin u + 7;', 

or recollecting that 

sin* u =. eos^M tang' u, 

and omitting tlie dasiies of the variahles, 

y^ tang° y =x^ eos* u (baig' m — tang^ i') + 2 



* + A'...(l), 
i(i right cone 



for iAe equation of tke line of intersection of a 
with a circular base. 

In this equation, k may now be regarded as tie distance from 
the vertex of the cone to the point in which the plane cuts the 



82. If in the above equation, v remaimnff tke same, all values 
be assigned to « from to 90°, and all values to A, from to in- 
finity, it will repiesent, in succession, every line which it is possi- 
ble to cut, from a given right cone with a circular base, by a plane. 

There are three distinct cases. 

First, whea 



la this case, the cutting plane makes the 
base that the elements do, or is parallel tfl 
one of the elements, and since 



the coefScient of x^ becomes 0, the equatio 
reduces to 




y* tang« w = 2a^ sin « -|- h\ 

1 by it is called a Paralola. 
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If in this oquation, & = 0, tie cutting plane passes througK 
ttie vertex, and the equation reduces to 

y^ tang' ii = 0, 

ivliich can only bo satisfied by making 

y = 0, 

wbicb, since a; is indeterminate, is the equation of the axis of X, 
Art. (21). A right line is therefore regarded as a particular case 
of the parabola. 
Second, wJien 

u <i V, or tang u < tang D. 

In this case, the cutting plane makes a less angle with the base 
than the elements do, or is parallel to none of the elements, see 
figure of Art. (80) ; and since, 

tang' u < tang* v, 

the coefficient of s!^ la essentially negative and the curve represent- 
ed by the equation is called an Mlipse. 

If in this case m =: 0, the cutting plane is parallel to the 

and the equation reduces to 

y' tajig^ V = — x^ tang' v + h\ 
ov dividing by tang* v and transposing 

''' 
tang" V 

which is the equation of a circle, Art. (35). 

If A = 0, u being still less than v, the plane passes through 
the vertex, and the equation reduces to 
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IHBETERMINA-TE (. 

y" tang^ v = x^ cos^ u (tang' u ~ tang* v), 

the first member of whieh is essentially jJOMiwe and the second 
negative; it can therefore be satisfied for no values of x and?/, 
except 



a: = 0, 



y = 0, 



which are the equations of the ori^ of co-ordinates, Art. (16). 
A circle and point are therefore regarded <m particular cases of the 
ellipse. 

Third, when 

M > », or tang m > tang v. 

In this case, the cutting plane makes a greater angle with the 
biffie than the elements do, or is parallel to two of the elements, 
via. those cut from the cone by passing a 
plane through the vertex parallel to the 
cutting plane, and since 

tang'' u > tang' v, 

the coefficient of a^ is essentially positive, 
and the curve represented by the equation 
is called an Hyperbola. 

If in this case, h = 0, the equation 




both members of which ai 
tang* V, and placing 

cos^ M (tang' 



s* M (tang^ M — tang^ v), 
essentially positive. Dividing by 



e obtain 
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which, evidently, represents two right lines intevsectiug at tlie o 
gin of co-ordinates, Ait. (24), the equations of which are 



Two right lines, which intersect, are therefore regarded as a par- 
tmilar case of the hyperhola. 



83. Resuming equation (1), Art. (8!), dividing by tang" w, 
and denoting the co-etHcient of x^ by r^, sr above, wo have 

,j' = .■%• + 2. i£ii + J^ (1). 

tang' V tang' v 

Now let us transfer the reference of tli po nts of the curve to a 
set of parallel co-ordinate axes, ha ng t!i o „ n at D, the point 
in which the curve is cut by the i f \ [ ee figure of Art. 
(80)]. Formulas (2), of Art. (67) b f th case, 

X = a -^ x', y = y', 

a representing the distance — AD, and b being equal to 0. 
Substituting these values in equation (1), wo have 



y" = TV + 2 (' J^E!-i + r'aA I' 




+ A. + 2*"» „ -1- '•' . 
tang* T! tang' y 




The origin of co-ordinates being on the curve, the 


absolute 


lurm 

^.. + «■»%+ >'' ,. 

tang* V tang'' v 





* Note. Il fihould be observed, Ihat by placing the absolule te 
r-'a? -1- 3 ^ ^'" " a + ^ = 0, 
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must te equal to 0, Art. (38), and the equation, after omitting 
the dashes and placing 



a general equation, ■which may represent either of the above 
named curves ; the parabola when r^ ^ 0, Ihe ellipse when 
»■* < 0, and ihe hyperbola when r' > 0, 



op THE PARABOLA. 

84. If ?■* =: 0, equation (2) of the preceding article, 



This equation being of the second degree, the line represented 
by it is of the second order. Art (33), and 2p being the only con- 

we have an equation of the second degree, and llierefore tvro raluea o?a, 
which will fulfil the required condition. Solving the equation, substitu- 
ting the value of r2 and reducing, we find 

„ i (tang « ^ tang v) 



In the parabola, v. being equal to u, iho first value reduces to _ , and the 

second, to infinity, but by striking out the common factor, 
tang 11 — tang v, the firs^ value becomes finite and negative, aa itshould 
be to give the pojat D, 

In the ellipse, the first value is negative, the other positive, the negative 
value being used. 

In the hyperbola, both values are negative, the one which is numeri- 
cally the least being used. 
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INDETEKMINATE GEOMBTEY, 



stant, the lino is given wlien Ip is given, Art. (23). This con- 
stant is called ihe parameter of tte parabola, and since from equa- 
tion (1), we may deduce the proportion 



we say, ihe parameter is a third proportional to the absci: 
dinate of any point of the curve. 

85. If equation (1), of the preceding article, be s 
reference to y, we have 

y = ± -^/ipx. 

I positive valiK of X, tiere will be two Ci 

real values of y ; hence, the curve is con- 
tinuous and extends from the origin, A, 
to infinity, in the direction of the positive 
ahsdasaa ; and since these values of y are 
eqna! with contcary signs, it follows that 
for each assumed abscissa, as AP, there 
will he two corresponding points of the 
curve, one above and the other below the 
axis of X, at equal distances, and the two values of y taken to- 
gether will form a chord, as MM', which will be bisected by the 
axis of S ; hence, the curve is symmetrical with regard to tlie axis 
ofX. 

The line AX is called the axis of the parahola, and the point A, 

in which it intersects the curve, is called Ike vertex ; and, in 

general, any straight line, which hisectt a system of- chords perpen^ 

dicular to it, is an axis of the curve in which the chords are di'awn. 

If X = 0, we have 

y = ± 0, 

which proves that the curve is tangent to the axis of Y, at the 
origin, Art. (Si"). 




origin, Art. (34). 
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If X is negative, tho values of ?/ are imaginary ; hence, tliere ia 
no point of the euive on the left of the axis of Y, 
If ^ ^ 0, we have 



s point only, at the origin. 



86. The curve may be constructed by points from its equation 
as in Art. (22). Tliis is done geometcically, thus : Let AX and 
AY be two co-ordinate axea at right 
angles. Lay off ftom the origm in 
the direction of the negative ab- 
Bcissaa AP' = 2p, and take any 
positive abscissa, as AP ; on the 
line PP' as a, diameter, describe a 
circle, and from the points in which 
it intersects the axis of T, draw 
lines parallel to the axis of X until they intersect the perpendicular 
erected to AX, at P. The points of intersection, M and M', will 
be points of the curve, For, from a known property of the circle, 




: AP' X AP = PM , 



8'!. If a point whose co-ordinates are x and y, is 
e must liave the condition, Art. (23), 



If the point is without the curve, since its ordinate will be 
greater tlian the corresponding ordinate of the cmve, we must have 

j/2 > 2px, or y= — 2px > 0. 
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.06 INDKTERMIKATE GEOMEIRl 

If the point is -within the curve, 

y^ < 2'px, or y° — ^}m 

88. If in equation (1), Art. (84), we u: 



,f = 






Ileucc, if a point, as F, be talten on the a\is. of the ] -wiS ola at 
a distance ftom the vertex pqual to one 
■^■^ fywrih of the paiarutei, the double ordinate, 
or tfU chord, perpertdiculjr to the axis at this 
point, will he equal to the parameter of the 
■^ — ^ curve. 

If F be tlie point and M any point of 
e curve, the right angled triangle FPM 



3a^ 



will give 

FM = v'fT'" +.rM^, 



FP = AP _ AF = ; 



FM = \J{x - ^) + y\ 
r squaring a; — — , and substituting for y^ its value Ipx, 
FM = Y^^= +i.^ + ^ = ^ + ^. 
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INDETEnMINATE 



If from the vertex A, we lay off AB : 
perpendicular to the axis, we shall hava 



~- , and dram EG 



MC : 



BP : 



BA + AP = ; 



Hettce, the distance from any point of the curve to the line BO, 
is ec[ual to the distance ftora the same point to the point F. 

This remarkable property enables ns to define a parabola to he 
a curve, smh, that each ofitsjioinls is at the same distance from, a 
ffiven point and a ffiven straight line. 

The given point, F, ia called the focus, the given hne BC, the 
directrix, and a straight line drawn through the focus perpendicu- 
lar to the directrix, is ihe axis of the parabola. 

This property, also, gives another simple method of constructing 
the curve by points, when the directrix 
and focus are given. Let BC he the di- 
rectrix and F the focus. Through F 
draw FB perpendicular to BO, it will be 
the axis. At any point of the axis, as 
P, erect a perpendicular; with the focus 
F aa a centre, and radius BP, describe 
arcs cutting the perpendicular in M and 
M' ; these will be points of the curve, sinw 




FM 



: BP == MC. 



The curve may also be con-lru ted by a e 
Place one side DO, of a tight inglpd tri- 
angular rule DCE, against the duectrix; 
fasten one end of a string orju'il m length 
to the other side EC, at the point E, and 
the other end at the focus , press a pencil 
against the string and rule, and as the rule 
is moved along the directrix, tbe point of 
the pencil will describe the parabola; for 
we always have 
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89. Let 3!', y' and x", y" lie the co-ordinates of any two points 
of the parabola. Since these are points of the curve, their co-ordi- 
nates will satisiy its equation and give the two conditions, Art. (23), 

y" = 2px', y"^ = 2pa", 

from which, omitting the common mtiitiplier 3p, we obtain the 
proportion 



5, the squares of the ordivatea of any two points of t 
' ■ ■' '' \g abscissas. 



90. Let x", y" be the co-ordinatea of any point, as M, on ti.e 
curve, and through this point conceive any straight line to be 
drawn ; its equation will he of the form, Art. (29), 



- r = * 



...(1), 



n which d is undetermined, Since the given point is on th 
curve, we must have the condition 



Subtracting this, member by n 
ber, from the equation 




2/* ~ y"^ = 1p{x — X 

{y + y"){y - y") = 2^(^ 



which is the equation oi the parabola, with the condition intro- 
duced that the given point shall he on the curve. Combining this 
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INDETEUMINATE 



■with equation (1), by substituting the value of y - 
from (1), we obtain 

{y + y") d{x - x") = 2p{x - x" 



[(y + y")d ~ 2^](^ - a:") = (2), 

in whjcli ce and y nmat represent all tlie points common to the 
right line and curve, Art. (3T). This equation being of the second 
degree, there are two such points, and only two; and the equa- 
tion may be satisfied by placing the factors separately equal to 
0, Placing 

X — x" =: 0, we have x ^ x", 

and this value in (I) gives y = y". The values thus obtained 
are the co-ordinates of the given, point, which is one of the points 
common to the two lines. By placing the other factor equal to 0, 
we have 

{;/ -J- y'y - 2p = (3), 

in which y must be the ordinate of the second point of intersection, 
M'. If now, the right line be revolved about the point M, so as to 
cause the point M' to approach M, y in. equation (3), beconaes 
nearer and nearer equal to y", and finally, when the two points co- 
incide, we shall have y = y", the line will be tangent to the 
curve, and equation (3) reduce t« 

2y"d = 2p, whence d = ±L , 

y" 

which is the value d must have when the assumed line becomes a 
tangent. Substituting this value of rf in (1), we have 



-^(' 
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I GEOMETRY. 

yy" — y"^ = px — px", 
whicli by tlie substitution of 2^3" for y"^, becomes 

yy" = I'i^ + *") (4), 

for Ike equation of a tangent line to tlie parahola at a given point. 

91. ff we multiply both members of the last equation by 2, 
and subti'act fJie result, member by member, from the equation 



we have 


= 2p^'; 


y><^ „ 2yy" 


= ~ 2px, 


adding y^ to both members. 





{y" — yY = y — ipx. 
The first member being a perfect square, is positive for all 
values of y except y ^ y" ; 



! positive for all values of y and ic, except y = y", 
x := a;", when it will be ; hence, since ^ and y aie the gener- 
al co-ordinates of the tangent, cdl points of the tangent, except the 
point of amtacl, are without the curve, Art. {87). 

92. If in equation (4), Art. (90), wo malie y = 0, we find 

0=p{x+x"), ox x= -< 

for the distance AT, to the point in 
which the tangent cuts the axis ; 
hence, we have 

PT = TA + AP = 2x". 
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i GEOMETRY. Ill 

The distance PT is called the suhtangeTii, which, in general, is 
ihi distaxice from, the foot of the ordinale of the point of contact, to 
tlte point in which, the tai%gmt cuts the axis, to which the ordinate 
is drawn ; and in the parabola, m eq^tal to double the abscissa of 
the point of contact. 

This property gives a simple method of drawing a tangent to a 
parabola at a given point. Let M be the point. From the vertex 
lay off, on the asia without the parabola, a distance AT, equal to 
the absci^a of the given point j draw a right line from the es- 
tromitj- of this distance to the point of contact, it will be the re- 
quired tangent. 



93. If the point M be joined with the focus F, we have. 
Art. (88), 



FM = a:'' ^ l. 

But since AT = »", and AF = C 

3 

we also have 



hence, FM = FT, the triangle TFM is isosceles, and the angle 

FMT = FTM. 

Ilencs, ifariffht line be drawn from the focus of a parabola to 
th^ point of contact of a tangent, this line will make an, angle with 
the tangent equal to that which the tangent nmhes with the axis. 
This property enables us to make the following consti'uctioDs, 
First. To draw a tangent to the parabola at a given point. 
Draw a rigiit line from the point, as M, to the focus ; with this 
lino as a radius and the focus as a centre, describe an arc cutting 
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the axis, without the curve, in a point, i5s T ; draw a right line 

from this to the given point, it will be the rec|mred taBgent, as the 

tfiaugle MFT will be isosceles. 

Or otherwise, thus. Draw a right line tliroiigh the given, point 

perpendicular to tJie directrix ; join the point C, in which it inter- 
sects the directrix, with tlie focus, 
and through the given point draw 
a right line perpendicular to this 
last line, it will be the tangent. 
For, since MF = MO, the tri- 
angle CMP is isosceles and there- 
fore the angle FMT = OMT ; 




hut CMT 



hence, 
FMT = MTF. 



Second. To draw a tangent from i point without the curve, as 
K. Join the point with the focus , with this distance as a radius, 
and the given point as a centre desciibe tn aic cutting the direc- 
trix in the points G and C' ; thiou^h fJieae points, draw lines par- 
allel to the axis, cutting the cune m the points M and M' ; join 
these points with the given point ind we 'hill have the tangents 
NM and NM'. For, since 



MF ^ 



MO, 



and 



: NO, 



the line NM has two of its points equally distant from the points 
F and C, is therefore perpendicular to FC at its middle point and 
bisects the angle FMC 

Let the co-ordinates of the given point N, he denoted by a^ and 
f. Since this point is on the tangent, we must have the equation 
of condition, Art. (23), 



vr 



r")... 



,..(1), 



and since tlie point of contact is on the parabola, we also have the 
equation of condition. 
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In these equations s" and y" are unknown, and since one is of 
the first and the other of the second degree, their combinatioa 
will give an equation of the second degree, and there will be two 
values of a;" and two corresponding of y". 

Combining these equations by substituting the value 



in the first, we obtain 




„ _ " , 




from which we deduce the two values 


y" --. y< ± ^/{y'^ - 


2px'). 


The values of y" will evidently be real, 


when 



y'^ - 2px' > 0, 

that is, when the given point is without the curve. Art. (87), and 
thei'e will be two tangmiis, as appears by the geometrical construction. 

The values of y" will he equal when the point is on the curve 
and there will be but one tangent. 

They will be imaginary when the point is within the curve and 
there will be no tangent. 

The corresponding values of a" being found, each set of co-or- 
dinates may be substituted, in succession, in equation (4), Art, (BO), 
and the equations of the two tangents thus determined. 

Third. To draw a tangent parallel to a given line as SR, Pro- 
duce the line until it intersects the axis at S, with the focus as a 
centre, and the distance F8 as a ra- 
dius describe an arc cutting the 
given line m R,join this point with 
the focus, the point M, in which the 
last line intersects the curve will be 
the point of contact, through which 
draw MT parallel to the given Hue, 
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it will be the required tangent For, > 
and FS = FK, we hava 



e MT is parallel to KS, 




Since tlae triangle FMT is isosceles, the line VD, drawn per- 
pendicular to the base MT, will pass 
through its middle point ; and sinc« 
AT = AP, Art. (93), the line AD 
also passes througli the middle point 
of MT : Hence, iffiom the focus of a 
parabola, a right Une be dravm perpen- 

dieular to any tangent, it will intersect this tangent, on the tangent 

at the vertex ; and cmversdy. 

Since the triangle FDT is right angled at D, we tave 

FD^ = AF X ET, 

and since AF is constant and FT = . 
perpendicular FD, wiU vaiy as tlie fimt p 
the focus to the point of contact. 



; th.e square of the 
r of the distance from 



95. Ifineqiiation(l), Art. (93), 



.p{x- + x'%.. 



...(1), 



: regard xf' 




variables, it will be the equation of a right 
line, Art. (25) ; and since both 
Tilues of X and '/ deducrd 
from equation (2) Art 03) 
must sitisfy this equation, the 
Ime rej lesented by it will piss 
through both pomts of contact, 
and will therefor*- be the inde 
finite choid which joma these 
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points. If any point as 0, Ise taken upon this cliovd, its co-ordinatea. 
which we will denote hy c and d, whea substituted for x" and «/' 
will satisfy the equation and give the condition 

ja = r(y + «) (2)- 

Now it is evident, that ei'ery set of values for r' and y' iihich 
will satisfy this equation, will give a point from which, if t'no 
tangents tie drawn to the parahola and the points of contact ho 
joined by a chord, this chord will pass through the point l > 
Hence, if y' and x' be regarded as variables in this equation, it 
will represent a right line every point of which will fulfil the ahove 
condition. 

This line is called Ihepdar line of the point 0, wMeh is called 
the pole. 

If througli the point O, a line be drawn parallel to the axis AX, 
the ordinate of the point in which it intersects the curve will be 
equal to d, and the equation of a tangent to the parabola, at this 
point, will be, Art. (90), 

yd = p{x + X"), 

and this tangent is evidently parallel to the line represented bj- 
eqnation (2), that is to the polar line. Art (28), 

If the line OA' he furtlier produced till it intersects the polar 
line in N, the ordinate of this point will be d, which substituted 
for y' in equation (1), will give 

f'd = p{^ + X"), 

for the equation of the chord coiTespoiiding to this point N, and 
this is parallel both to the polar line and tangent. 
These properties g^ve the following constructions : 
1. The pole being given, to eonstmct the corresponding pohr' 
line. 

Through the pole draw a line parallel to the axis of the para- 
bola ; at the point in which this intersects the curve, draw a 
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IJ6 INDKTERMINATB aaOMETEY. 

lUj^ nt thro gk the j oIp draw a chord pirilli;! to this tangent, 

nd a,t ta extre a tv draw another tangent through, the point in 
wl ch tins nter eets the lino ti at dr jwn draw a 1 ne parallel to the 

ho d t will he thp polar 1 e 
9 The I olt line ho ng g ven to con truct the pole. 
Draw a t^ngei t parallel to the polir 1 ne through the point 

I ntact draw a 1 ae j ■irallel to the axis from the point in which 
th ter^ects the j lar 1 e d aw another tangent ; through the 
I nt of contact thus determ ned dra v a cho d parallel to the 
] hr 1 n t will nte-aect the 1 e pa allol to the axis in the re- 
quired pole. 



96. If the focus he taken as the pole, the co-ordinates of which 

d ^ 0, = i-, 

2 

eijuation (2) of the preceding article reduces to 

0=,,(..+ i), or .'=-f, 

y' being indeterminate, which is the equation of the directrix, Art. 
(21). The directrix is then the polar line of the focus. Hence, */ 
ani/ chord be drawji through the focus of a parabola and two tan- 
gents be drawn at its extremities, these tangents mil intersect on the 
directrix. 



97. If in the general equation of a right line passing through 
H. given point, Art. (29), we substitute for x' and y', the co-ordi- 
nates of the focus, we shall have 
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for the oquation of auy chord paaaicg ttrougli the focus. CoKt- 
bining this with the equation of the parahola, y^ = 2px, by 

substitHting the value a; :^ — , wo have 



■ S^JI ^ 



r- 



Denoting the two roots of this equation by y' aacl y", we have 
from a well known principle of Algebra, 

y'y" = — p'', 

and if d and d' denote the tangents of the angles made with the 
axis, by two taiigeiiia drawn, at the extremities of this chord, we 
have, Art. (90), 

d^^, d' = Z; 



ir siibsljtuting for y'y" the .above value, 

dd' = — 1, or dd' ■{- I : 



0. 



Hence, Art. (28), if at the extremities of a chord pasdnp ihrmgh 
the focus of a parabola, two tangents he drawn, they toill he perpen- 
dicalar to each other, and intersect on the directrio:. Art. (96). 

And conversely, if tim tangents to the parabola are perpendicular 
to each other, the chord joining tlieir points of contact will pass 
through the focus. For, let S'M and 
S'M" be the two tangents. If tlie 
chord MM" does not pass through the 
focus ; through tte focus and the point 
M, draw MM' ; at M' draw the tangent 
M'S. From what precedes, it must 
be perpendicular to MS' ; hence, SM' 
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and S'M" must te parallel. But since tlie tangent of tlie angle 

which a tangent to the parabola makes with the axis is ^ , Art. 

y" 
(90), no two tangents can be parallel, for no two points have equal 
ordinates. It is then absurd to suppose that MM" does not pass 
111 rough F. 

S8. Through the point of contact of a tangent, let any other 
straight line be drawn, its equation will be of the form, Art. (29), 

y ~ y" = d'{x - X") (1). 

If tliis line is perpendicular to the tangent, we must have, Art 
(28), 

dd' 4- 1 r= 0, or d' = L, 

d 

But, Art. (90), 



Substituting this in equation (1), we have 

y -,/' = - rii^ - .") (2), 

for the equation of a straight line perpendicular to the tangent at 
the point of contact. This line is called a normal. 
If we make y = 0, in equation (2), we have 
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in which, ar is the distance AE from tht 
which the normal inteKocts tte axis, and 

a! — iB" = AE - AP = PR = f. 

The distance PR, from the foot of the 
ordinate of the point of contact, to the 
point in which the normal cuts the axis, ia 
called the subnormal. Hence, tie suhnor- 
mal ia the jiarahola is constant and equal to half the parameter of 
the cume. 

Tliis property enables us to construct a tangent at a given point. 

Draw the ordinate of the point ; from its foot lay off a distance 
equal to one half the parameter ; join tlie exti'emity of this dis- 
tance with the given point, through which draw a perpendicular 
to the last line, it will he the recjuired tangent. 



OF THE PARABOLA REFERRED TO 
AXES. 

99. It was observed in Art. (Vl), that two classes of proposi- 
tions might arise in the transformation of co-ordinates. As an ex- 
ample of the second class, let it now he proposed to ascfirtain if 
there are any other co-ordinafe axes, to which if the parabola be 
referred, ita equation will be of the same form as when referred, to 
its axis and the tangent at its vertex. 

Por this pnrpose, let ua take the general formulas (3), Art. (67), 



-- a ■>r x'i 
-- h ^ x'l 



y. + y'^ 



and substitute the values of x and y in tl\e eijuatio 

^' = '^P'^ (1)- 

We tiiua obtain 
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INDETERMINATE OEOMETBY. 



- %hx' B 



1(^ + 3^ 



1 + Ihy' sia n,' + Ix'y' t 



+ y'^ sin^ k' = 2pa + 1p»' cos a + Ipy' cos tc', 
or transposing, arranging and omitting the daslies of the v; 

y"^ sin= tt' + ^' siu= « + ixy sin a sin a! 
+ 2(6 sin a'— pcos «');< -\-lfl — 2pa = 2(^cosci — 6 sin ct 



,..(2), 



which is the equation of the parabola referred to any obUquo axes. 
In order that this equation shall be of the same form aa equation 
{!), the absolute teiin, in the first member, and the terms contain- 
ing a^, a;y, and y, must disappear, which requires that 



yx . 



I — 0... 



6 sin a' - J? cos k' = (6) . 

These equations contain four arbitrary constants, it is therefore 
possible to assign such values to the constants as to satisfy the four 
equation^ and thus reduce equation (2) to the proposed form. 

Equation (3) is the equation of condition that the new origin 
shall he mi the curve, Art. (87). 

Equation (4) can only be satisfied by a =^ Q, or = 180°; 
hence the new axis of X must be parallel to the axis of the curve. 

Equation (5) is satisfied by sin a = 0, without inti-oducing 
any new condition. 

Equation (6) can be put under the form 



and therefore, Art. (90), expresses the condition that the n 
ofY shall be tangent to the curve. 
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Since we have thus far introduced hut three i: 
ditions, and since a, b and a' are still undetermined, we may assign 
a value at pleasure to either of them, whence the otlier two will 
become known, and an infinite numtier of sets of eo-w-dmate axes 
be thus determined, which wil! fulfil the required condiUon, 
each of which will he subjected to the three conditions expressed 
by equations (3), (4) and (6). 

Substituting the above conditions in equation (2), and observing 
that, since sin a = 0, cos ct = 1, we have 






2p 



r, denoting the coefficient of x hy Sp' 
a equation of the same form as (1). 



100. Solving the last equation with reference to y, i 
2/ — ± y%p'x. 



ia) that every positive value of », gives 
ejual with contrary 






and we see 

two leil viluei of y t 

signs and that thpse tw \al les taken to- 

getler form a choid a^i MM parallel to 

the axia ot \ which cto d is bisected by 

the axis of X at P The hne A'X is 

therefore called a hametei of thepai'abola; 

ind, m generil omji slra ght line which 6j- 

sects a m/stem, of parallel chords is a diameter, 

the chords are drawn. The points in which a diameter intersects 

the curve are called the vertices of the diameter. 

Since condition (4) of the preceding article requires the new 
axis of X to be parallel to the axis of the cm've, it follows that all 
tlte diameters (f the parabola are parallel to each other. 
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OBOMBTRY. 



Since condition (6) renuires the new axis of Y to be tangent to 
the curve at the origin, it also follows that each diameter bisects a 
If I f ho I J U I to the tangent at its vertex. 



If th p hi 
■ d by 1 
i m by t gilt 1 



5n, traced upon paper, a diamet«r may be 
wo parallel chords as MM' and bisecting 
5 W this line will be a diameter. 
Is perpendicular to this diameter and bisect 
them by a straight line, this will be 
the ixia Art, (85). At the vertex 
of the bxst cjiamotor, A', draw a line 
parallel to the chords which it bi- 
sects, it will be a tangent to the 
carve. At the vertex, A, of the 
parabola, draw a line perpendicular 
to the axis, it will also be a tangent. 
At the point D, where these tangents intersect, draw a perpendi- 
cular to the firat, it will intersect the axis in the focus F, Art. (94). 
The property, that each diameter bisects a system of chords 
paraUel to a tangent at its vertex, suggests the following construc- 
tion for drawing a tangent parallel to a given hue, as BC. Draw 
two chords parallel to the given line ; bisect them by a sti'aight 
line PP, and at the point A', where this intellects the curve, draw 
a line parallel to the given line, it will be the required tangent. 




101 The coeffitient 1p' m equation (7), Art. (99), is called the 
paiameter of the diameter A'X, and, as in Art (84), is a third 
propoitionil to any oidmate md its corresponding abscissa. 

If wi rcpie^ent the distance FA' by r, and recollect that the 
angle FA'D = FTI> : 

y a'. Art. (99), we shall have 
the right angled triangle FDA' 

FD = I- sin a'. 
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But we also have, Art. {M). 

FB' = FA X FA', or ST)" = | n 

Equating tliese two values of FD , we have 

r^sm^a' = ?- r •. whence sin^ n' 1=^ — . 

2 ar 

Substitutiiig this value of sin" a', in the expression, Art. (i 



thai, is, the parameter of any diameter of the parabola, is equal ii 
four times Ike distance from the vertex of the diaiKtUT to tiie focus. 



102. Leta^" and y" be the co-ordinates of any point of the 
pai'ahola referred to the diameter A'X 
and the tangent A'Y. The equation of 
a right line passing through this poinl 
will he 

J. _ y = d{x - a"), 

in which d will represent the ratio of the 

sines of the angles which the line makes with the co-ordinate 

axes, Art. (20). 

By a process identical with that pursued in Art. (90), we can 
find the value of d, when the line becomes a tangent, and thus de- 
dnce the equation of the tangent, 
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By making y ■. 



wcfind 
= ~ x'< = A'T; 



liciice 33 in Art. (92), the subtaiigent FT, is equal to tttice the ab- 
scissa of the point of contact. And a tangent may be drawn at a 
given point by drawing the ordinate MP, of the point, parallel to 
tJia axis A'Y, laying off the distance A'T equal to the abscissa 
A'P, and joining the extremity of this distance with the given 
point. 




an are of a parabola, in which inscribe any 
At the points M, M', c&c, draw the 
tangents MT, M'T', &c 
Throu gh the middle points 
* of the chords MM', &c., 
, di'aw the diameters KS, 

_ E"S', &c., and draw the 

I MP, M'P', &c. It is evident that for each chord there 
will be a trapezoid, as MM'P'P, within tiie parabola, and a corres- 
ponding triangle, aa OTT', without. 

Since the points of contact M and M', when referred to the di- 
ameter RS and tangent line at its vertes:, have the same abscissa 
Vli, the subtangent will be the same for each, Art. {102}, and the 
two tangents MO and M'O will intersect the diameter VS, at the 
same point O ; hence the altitude of the triangle OTT' will be 
equal to the line UW, drawn through the middle points of the two 
inclined sides of the trapezoid P'M'MP ; and since. 



AP = AT, 






AP' 
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liefice, tlie area of tbe trapezoid, wliicli ia measured by 

Kll' X PP', 
is double the area of the triangle, which is measured by 

IrR' X TT': 
2 

and so for each trapezoid and corresponding triangle, and the snm 
of all the interior trapeaoids will be double the sum of the corres- 
ponding triangles. 

If now, the number of sides of the polygon be inci'eased indefi- 
nitely, the Slim of the trapezoids will be the same as the curvilin- 
ear area AM'MP, and the sum of the triangles the same as the 
exterior area TMM'A ; hence the first area is double the second. 
But the sum of these two areas is equal to the area of the triangle 
MTP, therefore 



AM-'MP : 



fMTP. 



But since TP = SAP, we have 

triangle MTP = rectangle ALKP. 

Therefore, tlie area of a portion of tJie parabola is egual to two- 
thirds of the rectangle described on the ordinate and abscissa of the 
extreme point. 



OF THE POLAR ECIUATJON OF THE ! 

104. Let us resume the equation 

and substitute for y and x, their values taken from the formulas 
(2) of Art. (yp); 

X = a' + r Qosv, g = b' + rsl-av. 
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INDETERMIHATE < 



We tlius obtain 

i's + 2 b'r sinv + r^ si 
or transposing and arranging, 
t^ ain* If + 2 (6' sin w ■- p co; 



■ 2;; {«' + r cos w), 



■ + h'^ 






-w, 



which is the general polar equation of the parabola. Art. {60). 

By assigning particular values to a' and h', the pole may be 
placed at any point in the plane of the curve. 

Firit. If it be required that the pole shall be on the eiU've, we 
mnst have, Art. (8T), 

6" — 2pa' = 0, 

and equation (1) reduces to 

[/ sin« V + 2(6' &mv - p cos v)\r = 0, 

which may he satisfied by placing j- = 0, or 

vs\n^v + 2(i'sini/ - pmsv) = (2). 



Since the pole i( 




the curve, as at P, it is evident, that one 
value of 1- should be 0, whatever be the 
value of V ; and that the other value, de* 
duced from equation (2), should, as b is 
changed, give the distance of each point of 
the curve from the pole P. 

If the point M is moved alon^ the curve 
until it coincides with P, the second value 



vill become 0, and equation (2) will reduce to 
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13 it slionid, Art. (90), since tlie radius vector will now coincide, 
D direction, with the tangent PT. 
Second, If the pole be placed at the focus, we must have 



and these values, in equation (1), give 

and after transposing p" and dividing hy sin' v, 



Solving this equation, we ha\ 



ir 

Ince sin« v + cos^ v ^ I. 
As the cos v must he less than radius or unity, we have 



and the second value of r is always negative, and must therefore, 
be rejected, Art. {09). The first value may he placed under the 

_^ p (m V + 1) 
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siii^-y = 1 - COS=» = (1 + ( 

y be atilL further reduced to 



wliich is positive for aE values of v. 

II' B = 0, cos !) = 1, aud tte value of r becomes 






'ector tatea tte direction AS, and gives that point 
of the curve wliich is at an infinite distance. 

li V ~ 90°, cos II = 0, and tlie value 
of r becomes 

c - » = FM. 



Thus by varying v from to 360°, all the points of the para- 
bola may be determined. 

If we wish to estimate the variable angle from the line FA, to 
the right, instead of in the usual way, from the line FX to the 
left, we have simply to ctange v into 180° — v', in which 
case cos ii = — cos v', and the value of r, equation (3), he- 
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OF THE ELLIPSE AND HYPERBOLA. 

105. "We have seen, Art. (83), that the equation 

yi — fix'^ + ipx, or y' — Ipx 4- rV (1), 

represents the ellipse when »■' is negative, and the Iiyperbola when 
it is positive. 

This equation being of the second degree, the ellipse and hyper- 
bola are both lines of the second order. Ait. (33), 

If in the equation, we make a: = 0, we find 

y = ± 0; 

hence the axis of Y is tangent to each curve, at the origin of co- 
ordinates. Art. (34). 

If we make y = 0, we have 

Ipx -y rH^ = 0, or a:(2p + r^£^ = 0, 

which may ho satisfied by making 



nee each of the curves intersects the asis of X in two points, 
e at the origin, and the other at a distance from it equal to 



Kow let UB transfer the origin of co-ordinates, to a point on the 

axis of X, at a distance _ £- , equal to half the distance from 

the ori^n to the second point in which the curve cuts the axis ; 
the new axes being parallel to the primitive. In formulas {3}, of 
Art. (61), we must then have 
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and the foi-mulaa become 

Substituting these values of x and y in eijuatioa (1), we have 

or reducing and omitting the dashes, 

y = «-f^ P). 

If in this we make y = 0, we have 

^ ^ ^ (3), or X = ± Z; 



hence, each curve now intei'sects the axis of X in two points, one 
oa the right and the other on the left of the origin, at equal dis- 
tances from it. 

If a; = 0, we have 

!f = - 4 W. <>■■ •/ = ±\/-^', 



and these values of y will be real for the ellipse, and imaginary for 
the hyperbola ; hence, the ellipse intersects the axis of Y in two 
points, at equal distances from the origin, one above and the other 
below the axis of X ; and the hyperbola does not intersect the axis 
of T. 

Giving to r* its negative sign for the ellipse, expressions (3) and 
(4) wiU be essentially positive, and we may write 
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fiom which, hy deducing the values of ^^ and equating thorn, we 
have 



and suhstituting this in either of the above eijuations, we find 



By the siihstitutiotL of these values of »'* and j)^ in equjilion (2), 
and reduoing, we have the equation of the ellipse, 

«V + &'«' = o-^^^ {()■ 

For the hyperbola — — is essentially negative, we must 

then place it equal to — 6^, while the expression for a" wiU remain 
nnchanged, If then, in the above equation, we simply cliange h^ 
into — 6", we obtain the equation of the hyperbola, 

a'y" ~ bV = - a%^... {h) 

Furthermore, it is evident from the preceding diiscussion, th it 
any expression containing 6, belonging to the elbpse, will become 
the corresponding one for the hyperbola, by changing i* into 
— 6^, or b into b V — 1. 



106, Solving equation (c) with reference to t/, we hare 
y' = — K — X-), y = ± — Va-'^ _ ^% (i)_ 
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32 INDETERMINATE 

a which every value of a nuraerically less tlian o, whether positive 
■r negative, gives two real values of y equal with conti-aiy signs : 
Hence, C being the origin, CZ and 
CY the axes of co-ordinates, and 
CB and CA each numerically equal 
Ui a, the curve is continuous be- 
tween the points A and B; and 
i:h set of the equal values 
018 a cliord as MM', which 
s symmetrical witli respect 



y = ± 0; 

hence the ordiiiates at the points A and B, when produced, ate 
tangent to the curve. And aa every value of x numerically greater 
than a, positive or negative, gives imaginary values for y, there 
are no points of the curve without the tangents at A and B. 
y ^ Q gives 



and since the line AB bisects a system of chorda perpendiculaj' to 
it, it is an axis of the curve. Art. (85), and A and B are its vertices. 



y = ± 6 = CD or CD'. 

Any number of other points of the curve may be constructed 
by assigning values to a in equation (l), deducing and construct- 
ing the corresponding values of y, and the curve in form and po- 
sition will be aa in the last figure. 

If equation (e) be solved with reference to x, we have 



■ = ± i 



■\/i= - 
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from which it may be shown as above, that the curve is sjnime- 
trical with respect to the axis of Y, and does not extend beyond 
the tangents at D and D', and that the line DD' is an. axis of the 

The definite portion of the line AB, included within the ellipse, 
is called the transverse axis, and the portion DD', the conjugate 
axis ; the transverse axis being the longest of the two. 

The point 0, in which the axes intersect, is the centre of the 
ellipse. 

The vertices of the transverse axis are also called the vertices of 
• the carve. 

liquation («) is called the equation of the ellipse referred to its 
centre and axes; in which a represents the semi-transverse, and b 
the semi-conjugate axis. 



107. If wo solve equation (A), Art. (105), with reference to y. 



,£;(.._..), 



in which every value of 
negative, gives imaginary values 
of y : Hence, being the ori- 
gin, OX and CY the axes of co- 
ordinates, and CA and CB each 
numerically equal to a, 
ai'e no points of the curve be- 
tween A and B. 

a; =: 4- a or — *, giv^ 




hence, the ordinates at the points A and B, when produced, are 
tangent to the curve. Every value of x greater than a, positive or 
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negative, gives two real valuoa of y equal witli contraiy signs ; 
hence, tlie curve is continuous and extends to infinity in both di- 
rections heyond the points A and B, and is symmetrical ivith re- 
spect to the axis of X, 
)/ = gives 

»; = ± a = CA or CB, 

and since the line BA produced, bisects a system of chords perpen- 
dicular to it, it is an axis, and the definite portion BA = 2a, 
included between the points A and B, is called tlw imrmierse aans 
of the curve, the points A and B being its vertices or the vertices 
ofiliecv-rve. 



/ = ±hV ■ 



1; 



heuLe the curve doea not mterseet the axis rt Y 

A sufticient number of other points being constru tn 1 lio tl e 
eq^uiti n the cune miy be di iwn ds in the hgi e tlio t o 
branclies being ejual s)n(,e values of x which ae jiimeii:,tl]> 
fq il with contia y =i^ns Ta CP and CI ,^1 e the aime ^alu s 
t 

Ifcquiton (/) bos 1 1 xvitl let ret ui to ^ n li-n 

in wliich. every value of y gives two real values of x, eijual with 
contrary signs ; tenco, tlie lino CY is an axis of the curve. This 
line, as seen above, does not cut the hyperbola, but if we lay off on 
it from C, distances above and below each equal to b, the portion 
BD' ^ 36 is called ifie conjugate amis, the point C being the 
centre of the hyperbola. 

Equation (A) is called the equation of the hyperbola referred to 
iU centre ixnd axes, in which a and 6 n 
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108. If in equations (e) and (A), and, 
fiou of any curve, we change x into y 
and y into x, the effect is to change the 
line which at first is regarded aa the 
axis of X, into the axis of Y and the 
converse ; or if the aaea are at right 
angles, to revolve the curve 90° ahout 
the origin. Thus if the equation 



general, i 


the equa- 


/f 


% 


u 


" y 


^^ 



represents the ellipse as indicated hy the full line, the equation 
will represeat it as indicated by the broken line. 

109. If a point is on the ellipse, its co-ordinates must satisfy 
tke equation of tlie ellipse, Art. (23), and we must have 
a^y^ + hH^ — a'6= — 0. 

If the point is without tlie ellipse, y will be gi'eater than the cor- 
responding ordmate of the ellipse. Art. {3'7), and we have 

«3j<s + }f-x^ — a^b^ > 0. 
If it is within the ellipse 

a^f 4- hH^ — a^b" < 0. 



110. The corresponding conditions for the hy^icrliola, liy 
changing, in the above, i" into — b\ Art. (105), will hn 



ahj^ - b^.,'' 



+ a=i= > 0. 
+ a^b^ < 0. 
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Ill, If a ^^ S, tte axes of tlie ellipse are equal, and equa- 
tion {ej b 



which ia the equation of a drcle, the radius of which is equal to 
either semi-axis, Art. (35). 



112. Under the same supposition, equation (A) becomes 
ind tte curve is called ore equilateral hyperbola. 



113. If through the centre of an ellipse any right line be 
diawn, its equation referred to the 
axes CX and CY, will be 



y = d'x. (1,) 

in whicli d' lepresents the tangent 
of the angle which the line makes 
with CX, Art. (24). 
Combining this with equation (e), by substituting for j^ its value 
<i'%^ we obtain 




d'^^x" + b'x 



'- aW; 



whence, for the abscissas of the points of intersection. Art. (27), 
and bj the substitution of this in equation (l). 
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Since these values of x and y are real for every value of d', ii 
follows that whatever be the position of the line OM, it will inter- 
sect the ellipse in two points ; and since the co-ordinates of these 
points are equal with conti'ary signs, tliey will he on opposite sides 
of the origin, and at equal distances frora it, as at M and M', 
Hence, every straight line passing through the centre of an ellipse 
and lerminated iy the curve is bisected at ike centre. 



114, IE in the above expressions we put — i' for b^, the c 
espoading values for the hypevbola are 



^-n/= 



a=6= 



which arc real, "whenevev 

ri'W - 6^ < 0, 






d' < - 



that is, whenever d', either positive or negative, is numerically less 
than , the liEe will cut the hyperbola in two points and be bi- 
sected at the centre. If 



the values are both infinite, and the points of intersection are at 
an infinite distance from C. If 



* > - 



the values are imaginary, and the 
line will not intersect the curve. 
Hence, if at the point A, we erect 
the perpendiculars AB and AE', 
each equal to 6, and draw the 
lines CE and OE', these lines will 
JHst limit the curve, since 
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INrETEllMrHATE GEOMETRY. 



tang ACE = d' 



116. If we multiply both members of the expression _p ; 
Art. (105), by 2, we have 



which as in the parabola, Art. (84), is called the parameter, and 
gives the proportion 



Hence, the parameter of the ellipse or hyperbola is a third pro- 
portional to the trvnsueru and eonjugaie axes. 



116, If in equation (_e), ivc substitute for y the expression 



s^ = «s - h\ or X = ± Va' - 6^ 

and conversely, if either of these values be substituted for x, we 
shall find 

from which we see, that there are two points on the transverse 
axis of the ellipse, at which, if an ordinate be drawn, it will be 
equal to one half the parameter of the cun'e ; hence, the double 
ordinate, or the chord perpendicular to the transverse axis, at each 
of these points, is equal, to tlie parameter of the curve. 
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These points are called the foci of the ellipse, and may 1 
structwi thus : With either extremity of 
t]ie conjugate axis as a centre, and the 
aeiui-tranaverse axis aa a radius, describe an 
arc, the points in whicK this arc cuts the 
transverse asis will he the foci. For in 
the right angled triangle DCF or DCF', we have, Art. (4), 



CF' = OF" ^ . 



OF = CF' 



: ± V^ 



117. For tlie iyperbola, the values of i, in tlio preceding 
article, become 

a; = ± V^^T+T^ (1), 

either of whioli substituted in equation (A), will give 



and the points determined on the transverse axis, by laying off tho 
above values of x are lite foci of the hyperbola, and may be eon- 
atruoted thus : At eitter vertex of 
the hyperbola erect a perpendicu- 
lar equal to 6 ; join its extremity 
with tlie centl'e ; widi the last line 
CE, 9s a radius, and with tho 
point as a centre, describe an arc ; the points in which this i 
cuts the transverse axis produced, will be the foci, , I'or we Iiavi 




CF = CE = ( 



- b\ 



CF = CF' 



: ± Va' + l>\ 



118. The distiince from the centre to either focus of the e 
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divided by the eemi-tranaverae axis, is called ihe eeemtncUy of the 
1 for whicb, is 



If a =: h, tiis reduces to ; hence, tho cxcentricity of a circle 
is nothing, and the foci are at the centre. 



119. The expression for the eoeenti'icity of an hyperhola, it 



which, when a ^ b, becomes for the equilateral hyperbola, 
Art. (U2), 



aV^ 



120. If we denote the distance CF by c, and the distance from 
any point of the ellipse, as M, to the focus 
F, by r, the general expression for the 
square of this distance will be, Art. (IV), 



'- (^ - ^r + (y - vr> 



Ftr ^ r" = {x — cf - 
and this, by the substitution of the values 
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aiid extracting the square root, 

' = °^^ = ' - " PI 

using the plus sign of the root only, as we require merely the ex- 
pression for the length of FM. 

Since OF' = — c; ifinthoahove expression (1), me put 
— c for c, we shall evidently obtain the distance F'M, which we 
denote bv r' ; hence, 

'■ = « + " (2). 

Adding equations (1) and (2), member by member, we have 
r + / =: 2a; 
hence, the sum of the distances from, any point of the curve to the 
two foci is equal to the transverse axis. 

This remnrkablo property enable us to define an eilipse to he, a 
curve such, that the sum of the distances, from any point to two fixed 
points, is always equal to a given line. 

It also gives the foOowiiig construction, of tlie curve by points, 
the foci and transverse axis being ^ven. 
Divide the transverse axis into any two 
pails, the point of division being between 
the two foci, aa at E ; with one part EB 



A F- 
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as a radius, and one focus F, as a ceatre, describe an arc ; with the 
other part AE, as a, radius, and tlie other focus as a centre, describe 
a second arc ; tl:e points of intersection of these arcs will be points 
of the ellipse. For we have 



FM - 



F'M = 



EB + AE = 2(t. 



The curve may also ho constructed by a continuous movement, 
thus : Take a thread, in length equal U> the transverse axis, and 
fasten an end at each focus ; press a pencil against the thread so 
as to draw it tight ; the point of the pencil as it is moved around 
will describe tbe ellipse ; for the sum of the distances, from this 
point to the foci, is always the sania and equal to the transverse 



121. If F and F' ai'e the foci of the hyperbola, and the dis- 
tances FM and F'M be denoted by r and r'^ we may deduce ex- 
pressions for them from ex- 
pressions (l) and (2) of the 
preceding article, by chang- 
ing ?j' into — 6', the only 
eiiect of which will be to 

stead of 
ea for aU points of the curve s must bo greater than 

— must also be greater than a, and the expression 

merical value of FM = r will bo 





...(3). 



The form of the expression for )■' will remain unchanged ; hence, 
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Subtracting the first of tiiese from tlie second, w 



hence, the difference of the distances from any point of the curve to 
Ike two foci, is equal to the transverse axis ; and the hyperbola may 
be defined to be, a curve suck, that the difference of the distances 
from any point to two fixed points is equal to a given line. 

The curve may be constrttcted by points thus : With one focus 
F' as a centre, and any radius F'E, greater tban the distance to 
the farther vertex, describe an arc; with the otler focus and a 
radius FM, equal to the first radius minus the transverse axis, de- 
scribe another arc ; the points of intersection will be points of the 
curve. For, we have 

F'M — FM = 2a. 

It may also bo constructed by a continuous movement. Take a 
role of sufficient length as F'L, and fasten one end at the focus 
F' ; at the otlier end of the rule fasten one end of a string shorter 
than the rule by the transverse axis ; festen the other end of the 
string at the other focus, F ; press a pencil agmnst the string and 
rule; as the rule revolves about the focus F, the point of tie 
pencil will describe the branch AM, For, we have 

F'L — 2a = FM -I- ML, 
or 

F'L — ML ~ FM = 2«; 

hence 

F'M - FM = 2«. 

By placing the end of the rule at F, the other branch may be 
described. 
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122. By a reforeace to equations (1) and (2), Art. (120), it is 
seen tLat the distance from any point of the curve to either focus is 
expressed, rationally in terms of its abscissa. 

This remarkable property of the foci is possessed by no other 
poiats in the plane of the curve. For, if there is any other point, 
let it« co-ordinates be x' aad y' ; x and y denoting the co-ordinates 
of any point of the curve. The square of the distance from x, y, 
to x\ y', Art. (17), is 

D' = (^ - x'Y + (y - y'Y, 

or squaring ar — x' and y — y', and substituting for y its 



D« = - — -.— x-' _ %xx< + x'-^ + *' ^ 2?/' _ -y/^a — :c« + y'\ 

It is evident that the value for D can not b t 1 n t m. 
of X, unless the term containing the radical 1 i| j a -a It this 
can not be unless y' = 0, that ia, the requ ed pont n ust be 
on the axis of 2. Substituting this value for j D* ■sfte cl iny n^ 
the order of the terms, becomes 

D* - {6= + a;'*) - %xx' + '^Lz^t x\ 

Now no value of x! can make this expression a perfect square 
unless it makes the first and last terms perfect- squares, and twice 
the sqnare root of their product eqnal to the middle term, that is, 
we must Lave 

h^ -|- «" — in\ ^ — . — . afl = n*, — 2xx' = 2trm, 
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.'' and n^ being two perfect squares. I'^rom. the last expression 



ia which, substituting the value of w^ taken, from the sefiond, w 



Substituting this in the first, we have 

which can be satisfied for no values of x', except 

s' = ± V«a _ J=, 

the abscissas of the two foci. 

In a similai- way it may be shown, that (he foci of the hyperbola 
and parabola alono possess tbe above named property. 



laa. If in equation {/(.) we substitute 6 for y, we deduce 

therefore, the abscissa of that point of the hyperbola, whose ordi- 
nate ia equal to the semi-conjugate axis, is eqiial to the diagonal 
of a square, the side of which ia ^^^ 
the semi-transverae axis. Hence, ^^ 
the curve and transverse axis \ 



being given, 

may be constructed thus : At the 



vertex A, erect a perpendicular AR = a ; join the extremity 
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with the centre ; with C as a centre, and CE aa a radiiis, describe 
an arc cutting the ti'ansverse axis in 0, at which erect the ordinate 
OM ; it will be equal to the semi-conjugate axis. For we have 

CO ^ CR = CA Vs = a Vs. 



124. If the values 



Art. (105), be substituted in equation (1) of the same article, 
giving to r^, first the negatiye and tbcn the positive sign, we ob- 
tain tie two equations 

J" = ^(2««_=i') (1), 



...(2), 



wLicli are the equations of the ellipse and hyperbola referred to 
the asis and principal vertex A. See figures of Arts. (106), (107). 



125. hst x', y', aad x", y", he the co-ordinates of any two 
points of the ellipse. These co-ordinates, when substituted for x 
and y in equation (c), must satisfy it, Art. (23), and give the two 
equations of condition 

a'y'' -1- yx'^ = aW, ah/'^ + bH"^ = a%% 

y'« = -^(.^ - x'^) (1), y"= =. ^(.= -_ x'-). 

Dividing the first hy the second, member by member, we have 
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; G-EOMETHY, 

y^ ^ ^^^^ ^ (. + ,')(. - ,') . 

J- «■ - :."■ (• + ^')(» - «") ' 

whence, we deduce tlie proporticm 

y'= : y"= : : (a + ^')(« - ^') ■ (« + ^")(« 
But 



: AP, 



: PB, 



MP^ 



: AP X PB : AP' X P'B 



^s.t \si, the squares of ike ordinate^ of any two poinU of the ellipse 
are to each other as the rectangles of the segments into which they 
divide the transverse axis. 

For the circle, a = 6, and equation (1) redacee to, Art. (36), 



126. 
nthe 



r equation (h) and pursuing the same i 
uticle, we shall find for the hyperbola 



J- : y"^ : 1 (.' + «)(.' ~a) : {." + a){^'- _ a), 



MP' : MT' : AP >; 

that is, the squares of t!ie ordi- 
nates of any two points of the 
hyperbola, are to each other as the 
rectangles of the distances from 
the foot of each ordinate to the 
vertices of the curve. 
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121. If vfitli the centre of the ellipse as a centre, and CA = a 
as a radius, a circle be described, its equa- 
tion, Art, (111), may be put under the 

Y- = «■ - .■ (1), 

in which Y represents the ordinate of any 
point of the circle, aa M'P. Rom equation (e) wo have 




ill which, if x have the same value aa in equation {1), y will repre- 
sent the ordinate MP, of the ellipse. Dividing equation (2) by 
{l)i member by member, we have 



that is, if a circle he described on the transverse axis of an ellipse, 
(my ordinate of the circle mil be to the correapondinff ordimtte of the 
ellipse as tli4 semi-transverse to the semi-conjuffaie aids. 

If with C aa a centre, and CD = 6 aa a radiu5, a circle be 
described, its equation may be pnt under the form 



X' = t 



in which X represents the abscissa of any point of the circle as 
EN'. If we obtain the value of »' from equation (e) a.nd divide 
by equation (3), we may deduce the proportion 

X : X :: h : a, 

that is, if a circle be described on the conjugate axis of an ellipse, 
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any abscissa, of the circle wiU be to tfie corresponding abscissa of iJte 
ellipse as ike semt-cmfu^ate to the semi-transverse axis. 

Fi'om the first of the above j)roportions, it appeara that tie or- 
dinate of any point of the circle described on the transverse axis, 
is greater than, the corresponding ordinate of tJie ellipse ; hence, 
all the points of this circle are without the ellipse, except the ver- 
tices A and B. 

Fiom the second proportion, it also appears that every point of 
the cucle dpscribed oa the conjugate axis is within the ellipse, ex- 
cept the vertices D and B' 

We also condude that of all striight lines paasii g through the 
centre, and teimmating m the plhpse thp tiansvprae axia is the 
longest, and the conjUjrite the shortest 

Upon the abo\o projerti^ the following constiuctioi of the 
ellipse depend. 

Mrst. Ou each of the a^es as i d ametei de'ieni e i cucle ; at 
any point of the tr'uisverse axis, as I 
erect a perpendiculai and [ rod cc it till 
it meets the outer circle in M )(in this 
point with thi> centie bj the Jine M C 
from tlie point It wheie this line a pets 

the inner circle driw a line pinliel to the tiinsterso ixis, the 
point in which it mi,et3 the perpen licular will he a po 1 1 of the 



For, A 






M r MI 



M( 



LC 



! 



^— --jvr' 



Second. Take a rule MO, in length equal to the si 
axis ; from the extiemity M, lay off MS 
equal to the semi conjugite axis ; move 
tlie rule so that the extremity and 
the point of diMsion S shall itmain, the 
first on the conjngate and the second on 
the transverse axis ; the point of a pen- 
dl at M, will describe the elhpse. For, draw OP' parallel to CB, 
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until it meets the produced ordinate MP in P' ; join 
tlie two equal right angled triangles M'CP and MOP' g 

MP' = M'P, 

and the similar triangles MPS and MP'O give 



128. Let x", y", be tlie co-ordinates of any point of the ellipse, 
as M, and through this point conceive any straight line to be 
drawn ; its equation will 
he of the form 



y - y" = d{^ ~ ;c"). ..{}), 

in which d is undetermined. Since the given point is on the 
curve, its co-ordinates must satisfy equation (e), and give the con- 
dition 

Subtracting this, momter hy memher, from equation (e), wo 
have 

Av + r){y - y") + n^ + ^")(^ - ^") = 0. 

Combining this with equation (1), by substituting the value of 
J/ — y" talten from equation (1), we obtain 

[<!<.-(, + ,") + S'(i + .")] (« - I") = 0, 

in which x and y are the co-ordinates of all the points common to 
the right line and curve. This equation being of the second de- 
gree, there are two such points, and only two. These points may 
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lie determined by placing the factors, separately, equal to 0. 
Placing 

X — x" = 0, we have x = x", 

which in equation (I), gives 



and these values evidently belong to the given point M. Placing 
the other factor equal to 0, we have 

da\y + r) + h%x + ^") = (2), 

in which a and y must he the co-ordinates of tlie second point of 
intersection M'. 

If now the right line be revolved about the point M, until tlie 
point M' coincides with: M, the secant hne will become a tangent ; 
s and y, in equation (2), mil become equal to «:" and y", and the 
equation reduce to 



Substituting this value of d in equation (1), i 



for the equation of a tangent line to the ellipse at a i/ivenpoint. 
If a = h, the above equation reduces to 

yy" -\- Kc" = a\ 

for the tangent line to the circle whose radius is a. 
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GGOMETRY. 

129, If we multiply both members of equation (3), preceding 
avticle, by (2), and subtract the result, member by member, from 
the equation 

ahj"^ + h^x"^ = <i''b\ 
we have 

a<iy"' _ 2aVy" + ^''^"^ - 26=23:" = — a'b". 
Adding a^j/^ -\- fi'a^ to both members, we. have 

a\i/" - t,Y + h%x" - c:Y = aV + 6%^ - a'bK 
The first member is the sum of two perfect squares, hence 

is positive for all values of x and y, except x ~ x" and 
J, = y". 

All ^«(s of the tangent, except the point of contact, are there- 
fore without Ike ellipse, Art. (109). 



130. If in equation (3), Art. (128), we make y = 0, 




for the distance from C, to 



tiie point in which the tangent cuts tl 
tbis we subtract the distance CP ; 



CT . 



. CP . 



TT = 



which is the subtangent, Art. (92). This expression for the sub- 
tangent, being independent of the conjugate axis, will be the same 
for all ellipses having the same transverse axis, and the points of 
contact in the same perpendicukr to this axis. Hence, if it be 
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required to draw a tangent to an ellipse at a given point as M ; On 
the transverse axis describe a circle ; througli the given point draw 
a perpendicular to the axis and produce it until it meets the drde 
at M' ; at this point di-aw a tangent to the circle, and connect the 
point T, in wliich this tangent cuts the axis produced, with the 
given point ; this line will be the required tangent. 

In a similar way, we may find the distance cut off by the tan- 
gent on the conjugate axis produced, and the expression for the 
subtangent on this axis. 



mi, If in equation (8), Art. (128), wc change 6^ into — 6= it 



for the equation of a tangent to the hyperhola at a given 2wint. 



132. If in the last equation we make y 

s = ^ = CT (1), 

and subtracting this from 
OP = a)", we havo 

CP — CT = PT 
for the subtangent of the hyperbola. 




133. Let MT be a tangent at any point M, of the ellipse, the 
co-ordinates of this point being x" 
and y"\ draw the lines MF and 
MF to the foci. In Art. (120), ive 
have found 
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If to tlie expvession CT = _ , Art. (130), we add GF' = c, 
and from it subtract CF = c, we have 

F'T = ^. '^ -— , FT = — ~ '^^" . ; 

hence 

F'T : FT : ; a= + ce" : a' - ex", 
and since the last terms of this proportion ;ire the same as (1), 
F'T : FT : : MF' : MF. 
Through F draw FO parallel to MF', then 
F'T : FT ; : MF' : FO ; 
lienee FO ^ FM, and the angle 

FMO = FOM = F'MT'. 

Therefore, if from the point of contact of a tangent to cm ellipse, 
two lines be drawn to the foci, these lines mil moM equal angles 
vAik the tangent 

This property enables us to make the following constructions. 

First. To draw a tangent to an ellipso at a given point. 
Join the point ■ivith the foci ; produce the line F'M, drawn to one 
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focus, uatil it is equal to tbe trans- 
verse axis ; join its extremity B', 
with tte otter focus ; through, the 
given point draw a line porpondicu- 
lar to the last line ; it will be the tangent. For, 

F'M + MB' = 2a = F'M + MF, 

hence MB' = MF, the triangle MITJ' is isosceles, and the 
angle 

B'MT — F'M:N" = FMT. 

Second. To draw a tangent to an ellipse from a point without 
the curve, 

"With either focus F', as a centre, and radius equal to the trans- 
verse axis, descrihe an arc ; with the given point N, as a centre, 
and radius equal to the distance to the other focus, describe ano- 
ther arc ; join their point of intersection B', with the first focna ; 
the point M, in whicli this line intersects the ellipse, will be the 
point of contact, which being joined with the given point will 
give the tangent. For 

NF = FB' and MF = MB' ; 

hence the line NM, having two points at equal distances from F 
and B', is pei-pendicular to FB' at its middle point and liiseeta the 
angle FMB'. Since the two ares above desciihed intersect in two 
points, there will be two tangents. 

Let the co-ordinates of the given point be ** and y'. Since it 
is on the tangent, we must have the condition. Art. (23), 



id si 


nee the point of contact is on the eljip 


se, we also have 




«Y'" + 6%?'i = „=i= 


.,.,(3). 


Ths 


! combination of these equations will 


give two values 
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and two corresponding of y", Art. (93), which will be of the form 



: K Vay^ + I 



■ aW, 



and these values will he real, equal, or imaginary as the given 
point is withoiit, on, or within the ellipse, Art. (109), In the first 
case there wil] be two tangents, in the second but one, and in tlie 
third none. 



lU. Let MT ho 




to the hyperbola at any point, 
and MF' aHd MF Knea drawn 
to the foci. In Art. (121), 
we have found 

MP = "''" + "° , 



If to c = CF' = OF, we add the expression CT = 
Art. (132), and then subti'act it, we shall have 



Hence, as in the preceding article, we deduce 

I"T ; FT : : MF' : MF, 

that is, the tangent MT divides the base of the triangle MF'F into 
two segments proportional to the adjacent sides, it therefore bi- 
sects the angle F'MF, at the vertex. Therefore, if from the point 
of contact of a tangent to an hyjxrhola, two lipss he drawn to the 
foci, these lines will vuike equal anfjlee with the tan//ent. 

This property enables ns to make the following constructions. 
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typerbolii at 




^irst. To draw a tangent to .■: 
Join tLe point M, witk the 
foci ; with the point as a 
centre and the distance to 
the nearest focus as a, radius, 
describe an arc cutting the 
line drawn to the farthest 
focus in A' ; join this point with the fii-at focus and through the 
given point draw a line pei-pendicular to this last Hue ; it will he 
the tangent. For the triangle MFA' js isosceles ; hence, the per- 
pendicular MT bisects the angle F'MF. 

Second. To djaw a tangent to an hyperbola from a poirit with- 
out the eiii've. 

The construction and explanation of this are the sanie as for the 



If, as in the ellipse, the co-ordinates of the given point he de- 
noted hy x' and y', we shall have for the hyperbola the two equa- 
tions of condition 



the combination of which, will give two value 
will be of the form 



. of *" and y", which 



and there will be two tangents, one, oi 
without, on, or within the hyperbola. 



136. The general form of tlie equation of a straight line pos- 
ing through, the point B is, Art. 
(2»), 
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in wiiich, for this pavljcular case, we must have 
f = 0, ar' = a, 

which gives for the equation of BM, 

For the equation of the right lino passing through A, for which 
«/' = 0, X' = - a, 

y = c' {X + a). 
Comhining these equations by multiplication, we have 

in which x and y aie the co-ordinates of the point of intersection 
of the two lines, Art. (27), If this point is on the ellipse, x and y 
in. the last eq\iation must satisfy the equation of the ellipse, and 
we must also have 

y' = ^ («' ~ ^"'^ ^ - -^ (*■' ~ '''^■ 

Equating these values of y% and omitting the common factor 
a;' — a^, we have 

o.'=-^ w, 

for ihe eqitatiim of condition that the lines shall intersect cm the 
ellipse. 

The lines when subjected to this condition are called supple- 
mentary chords ; and, in general, au^lementary chords of a curve 
are straight lines drawn from the extremities of a diameter and irir 
tersectin^ on the carve. 

Since eand c' are indeterminate in the above eq^uation of condi- 
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tion, an infinite number of supplementai'y cliords can bo drawn, 
and if any value be assigned to eitker c or c', the other becomes 
known and the position, of the corresponding chord will he de- 
termined. 

If c = 0, c' will he M ; or if c' = 0, c = co ; that 
is, if either chord coincides with the transverse axis, the other will 
be perpendicular to it 

If either c or c' is positive, the other must be negative ; that is, 
if one chord makes an acute angle with the transverse axis, the 
other will make an obtuse, and the reverse. 

If a ^ b, the condition (1) reduces to 

cc- = — 1, or cc' + 1 = ; 

hence. Art. (28), the supplementary chords of a circle are perpen- 
dicular to each other. 

The expression for the tangent of the angle AMB is, Ait. (38), 



But since c is the tangent of the obtuse angle MBX, it is essen- 
tially negative and may he placed ^ — c". Substituting this, 
and also cc" = ~ — , the above expres; 



- {'" + '') 



which is essentially negative for all values of c and c' ; hence the 
supplementary chords, drawn from the extremities of the trans- 
verse axis of an ellipse, make an obtuse angle with each other. 

As the angle V is obtuse, it will be the greatest when ita tan- 
gent is numerically the least ; and since the denominator of the 
above expression is constant, it will he the least when the numers' 
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tor is the least. But the product of c' and c" being constant, their 
sura c" -\- c', will be the least when the factors are equal,* 
that is, when 



in whict case, the angles are supplements of each other and the 
chords are drawn to the extremity of the conjugate axis O, making 
the angle DAC = DBG. 



130, If we put — 6^ for i' in condition (1) of the preceding 
irtiole, we obtain 



for the equation of condition for supplementary chords drawn from 
the exti-emities of the transverse asis of the hyperbola. 

Aa in the ellipse, an iafinite number of chords may be drawn, 
and if either e or c' ia positive or negative, the other must have 
the same sign ; that is, both angles are at the same time acute, or 
both obtuse. 

1{ a =■ b, the above equation becomes 

* NoTE.~To prove this, let s represent iheSr a«m and d their difference, 
1 + 1 = the greater, i _ ^ = the less, 



- _ = the product = P, 



£1= P + ^; 



ttom which we see that s^ or s will be the least when d = 0, 
factors are equal. 
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lience, in the equilateral tjperbola tlie two angles are compleinenta 
of eaeli other. 

The expression for the tangent of the angle BMA, is 




which is essentially positive, 
since c is always greater than 

y chords make an aeut* angle with 
each other, and this angle increase as c increases, until the chord 
AM becomes perpendicular to the transverse asis at the vertex A, 
when the angle is the greatest possible and equal to 90°. 



1 37. If a right line be drawn through the centre of tl 
its equation will he 



and if it pass throngh the point of 
contact of a tangent, wo shall have 
tlic condition 




Multiplying this, member by member, by the expression for d, 
Art. (128,) wo have 

dd' = - ,^ (1), 

tlie same expression as that found in Art. (1S6) for cc' ; hence 
11 
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in which, if c := d, c' ■will he equal to d', and if c' = d', 

Therefore, if tme of the supplementary clwrds of an ellipse is 
parallel to a tangent, the other will be parallel to a line joininff the 
point of contact and the centre, and the converse. 

Upon this property the following constructions depend. 

First. To draw a tangent to an ellipse at a given point. From 
the point, draw a line, MC, to the centre ; from one extremity of 
the transvei'ae axis draw a cliord, AO, parallel to this line ; draw 
the supplement BO, of this chord, and at the given point, draw a 
line parallel to tHs supplement, it will be tie required tangent. 

Second. To draw a tangent to the ellipse parallel to a given 
line. 

From one extremity of the transverse axis, draw a chord, BO, 
parallel to the given line NS ; draw the supplement of this 
chord AO ; parallel to which draw a line, CM, through tlie 
centre ; at the points in which this line intersects the curve, draw 
lines parallel to the given line, they will be the required tangents. 



138. By changing 6' into — &', in the p\piPsi!on foi d, Ait. 
(128), it becomes the tangent of the angle made with tliotian-,vei»o 
axis by a tangmt to the 
hyjieibola, and by nsmg 
tils pxprnssion with the 
equation ot condition 




nilar discussion, and deduce the same properties of 
supplementary chords, and the same constructions for tangent lines 
as in the ellipse, as indicated in the figure. 

It will evidently be impossible to draw a tangent to tlie hyper- 



H.sBSbvGoogle 



Isola parallel to a given liae, wlien the diameter to be drai 
allel to the second chord, does not intersect tlie curve. 



139. If in the e. 



ahj'y" + b^'x'x" 



'. a^bK, 



,..(1), 



i yariablos, it will be the 
eijuation of a tigtt line ; and since both, values of x" and y" de- 
duced from equations (2) and (3), Art. (133), must satisfy tiiis 
eqnalioD, tb.e right Eno must pass flirough both points of contact, 
or wil! be the indefinite chord which joias them. 

If any point, as 0, be taken upon this chord, its co-ordinates, 
■which we denote by c and d, will satisfy equation (1), and give tixe 
condition 



ahj'd + i% 



: a%''.,. 



...(2). 



Every set of vilnci lui ^ ani if which will satisfy this 
equation will gne i 
irjm whch if two i 
be drawn to the elhpse the 
choida jomn^ the jjnts ut 
cmtactwU pass through the 
] Dint Honoe if y and i 
he regarded as variables m 
this equation, it will represent a right hue, every point of wliicli 
ivill fulfil the above condition. 

Ab in Art. (95), this line is the polar line of the pole 0. 

If through the point and the centre, a right line be drawn, 
ita equation will be 
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If this equation be comHned with the equation of the ellipse, 
(e). Art. (105), we find for tlie co-ordinates of the point M, 



Substituting these for x" and y" in the equation of the tangent 
line, (3), Avt. (128), we have for tlie equation of the tangent iit 
tie point M, 



a^dy -i- bhx = ah VaH^ + b^c\ 

which is evidently parallel to the polar line, represented by eqna- 
SJon (2). 

If the line OC l>e produced until it intereects the polar Hue NN' 
ia N" ; for this point we shall hare 

s^i _ c , ?t=.r' __ Vc . 

y' d i/'y' a^d 

hence, tiie chord wMch, joins the points of contact, M' and B, 
of two tangents drawn li'om N, in this case represented by equar 
tion (1), willalso be parallel to the polar line. 

These properties give the following constructions. 

First. The pole being given, to construct the corresponding; 
polar line. 

Through the pole and centre, draw the line 00 ; at the point 
M, in which it intersects the curve, draw a tangent ; through the 
jioie draw a chord parallel to this tangent ; at either point, as M', 
in which this clioi'd intersects tie curve, draw a second tangent ; 
through the point N, in which this intersects the line CO produced, 
di'aw a line parallel to the first tangent, it will be the required 
polar line. 

Second. The polar line being given, to construct the correspond- 
ing pole. 

Draw a tangent parallel to the polar line ; join tlie point of con- 
tact M, with the centre, and produce this line until it moete the 
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polav line ia H" ; through this point draw a second tangent KM', 
and tliroiigli tlie point of contact, M', dfaw a ehoi'd M'O, parallel 
to the polar line ; the point in which it intersects the line MO wif! 
be the pole. 

It should be remarked, that if the given line cuts the ellipse, 
there will l>e no con-esponding pole, as the point N will lie within 
the ellipse and no tangent can be drawn from it. 

When the eUipae becomes a circle, tlie line CM becomes per- 
pendicular to the tangent at M and also to the polar line, and the 
above constructions are much simplified. 
'rb.ua, to conatvuct the polar lino ; 
TliTOugh the given polo draw a line to 
the centi'e ; draw a second line perpeji- 
dieular to this, at the pole; at eitlier 
point in which this perpendicular inter- 
sects the circle draw a tangent ; tivough 
the point N, in which this taagent intersect the line drawn to the 
centre, draw a Une perpendicular to the laat line ; it will be the 
polar line. 

To construct the pole : Through the centre draw a line pprpen- 
dicular to the polar line ; from the point in whicli it intersects it, 
draw a tangent ; from tte point of contact draw a perpendicular to 
the first line ; the point in which it intersects it will be the pole. 

140. The equations of the preceding article become the cones- 
ponding equations of the hyperbola, by changing 6' into ^ tfi, 
. and it will be i-eadily seen that the properties of the polar line and 
the constructions ai'e precisely the same as for the ellipse. 

"When it is impossible to draw a tangent to the hyperbola pai- 
allel to a given line, Art. (138), sueli line' can have no correspond- 
ing pole. 



141. The equation of any straight line passing througl 
point of contact of a tangent to an elhpse, will he of the form 



passing through the 
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y - f' = d'{T. — S") (1). 

Tf tliis line is perpondicular to the tangfiiil, we must have, Art. 
(28), 

rf^' 4- 1 = 0, ov rf' = _ JL. 

a 

But, Art. (128), 

wlience 

and equation (I) becomes 

' -"" = '^S" - •"' (^'' 

for iAe ejwafitm of a rwrnial to the ellipse, Art. (98). 
If we make y = 0, in equation (2), we deduce 



a which x is the distance CK, 



ai" — j; = CP — OR = KP = the suhnoiinal. 
Tf a ^ h, equation (2) becotnes 

y^-" — y"ic = 0. 
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As ttsre ia no absolute term to ttis equation, tlie normal to tlie 
drcle passes through the centre, Art. (38). 



142. Oe the transverse axis of the ellipse let a aemi-cirele ho 
desCTihed, and within this semi-circle let us inscribe any polygon, 
AN'NB. From the vertices of this poly- 
gon draw ordinates to the transverse asis, 
and join the points in which they inter- 
sect the elhpse, thus forming a polygon 
AM'MB, of the same nnmber of sides. 

If the ordinates of the points N, N', &c., he denoted by Y, Y', 
&C., and the corresponding ordinates of M, M', by p, y', &a., the 
abscissas being a;, x', ■fee., we shall have, Art. (127), 

Y : V :: a : h, Y' : v' : : a. : h : 



Tlio area of the trapezoid PNNT', forming a part of the poly- 
gon in the circle, will l>e 



C^^^y 



rresponding trapezoid, PMMT', 



C-vy 



, b«ng equi^multiples of Y + Y' 
h other as 



Y + Y' : ij + 1/, or as a : h. 
same way, it may be proved that any trapezoid i 
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c'rcle is to the corresponding one in the ellipse as « is to 6 ; hence, 
the sum of all in the drcle, or the polygon, AN'NB, will be to the 
sum of al! in the ellipse, or the coifesponding polygon AM'MB, aa a 
i'i to J ; and this will be true, whatever be the number of the sides. 
If now the number of sides he indefinitely increased, the areas 
of tlie polygons will become equal to the areas of the circle and 
elhpae respectively, and we shall have the £rst is to the second as a 
is to 5 ; or denoting die area of the circle hy S, and that of the 
ellipse by s, we shall have 

S : s ; : a : h\ whence s = — S, 

and substituting for S its value to', 

or the area of an ellipse is equal to the rectangle upon its semi-axes 
multiplied by Ike ratio of the diameter to tlie circumference of a 
circle. 

The above expression may be put under the form 

s = ira6 = V«%^ = vW~X~^, 

that is, the area of the ellipse is a mean proportional between the 
areas of the two circles desci'ibed, one upon the transverse, and the 
other upon the conjugate axis. 



' THE ELLIPSE AND 



143. Let it now be proposed to ascertain if there are any other 
co-ordinate axes, having their ovi^n at the centre, to which, if the 
elUpse and hyperbola be referred, their equations will have the 
same form aa when referred to their centres and axes. Arts. (106) 
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and (lOT). For tliis purpose let us take foimulaB (3), Art. (6T), 
and substitute tlie values of s) and y ia equation (e), we thus obtain 

+ 6'{a^'= cos' a + 2x'i/' cos a cos a' + y'^ cos^ a') = a^h% 
ov arranging and omitting tbe dashes of the vai'iablcs, 

{a* sin' a' + b^ cos' a.')f + {a^ ain^ a + b^ cos^ a)a^ 
-f- 2(a=sin«.sina' + 6' cos a cos K>y = a=6« (I), 

which is the equation of the ellipse referred to any set of oblique 
axes, having the origin at the centre. This equation will bo of the 
same form as equation (e), if the term containing xi/ ha made to 
disappear, which requires that 

The aubstitution of this condition in equation (1), reduces it to 
(a'Bin«a'4- b^aos^a')y^ + {o=sin=a+ 6»eos=a)s* = a=*'..,(3). 
Malting y and a, in succ^sion, each equal to 0, we find 



V, 



aVi^ 



. = CB', 



v= 



' + b^e 



both of which values are real for all values of 
curve cuts each a.xis of co-ordinates 
in two poinfa, on different sides of 
the centre, and at equal distances. 

If we place these distances re- 
spectively equal to a' and 6', we 
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from wiich 



Substituting these values for the 
equation (3), and striking out the 



factor a^b'', we 



an equation of precisely tie same form as equation (e), aad which 
if solved £« in Ai't. (106), will give for each value of a: < a', 
two values of y equal with contrary signs, and these taien to- 
will form a chord mm', which ia bisected by the axis of X ; 
hence, this axis is a diameter of the 
ellipse. Art. (100). By solving equa- 
tion (e') with reference to x, it may 
also be proved that the axis of Y is a 
diameter and bisects a system of chords 
parallel to the axis of X. These di- 
ameters are called conjugate diameters; 
and in general, two diameters a 
system of chords ^rallel to the other. 
If ia equation (e') we make a: = 




■ 0; 



hence, the oi'dinates at A' i 
curve, Art. (S4). 
If 2/ = ± b'. 



lid B', produced, are tangent to the 
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Hence, the tangent, at the vertex of either diameter, is parallel 
to its conjugate, or, to the chords wkidi the dia.m.efei- bisects. 

Equation (e') is eaUed the equation of the ellipo refen-ed to its 
centre and conjugate diameters, in wMcii a' and b' are tlie aemi- 
conjugate d 



144. Since, whenever a and a' have such values as to satisfy 
equation (2), of the preceding article, the axes of co-ordinates he- 
come conjugate diameters, that eijnataon is called, tJie equation of 
condition, for conjugate diameters, m wliioh. a and a' are Uie angles 
formed by these diameters respectively, with the transverse axis. 

Dividing hy cos a, cos a', and recollecting that 

we may put the equation under the form 

tangatanga' = — — (1). 

Since a and a' are indeterminate in this equation, it follows that 
there is an infinite number of conjugate diameters, and if a partic- 
ular value be assigned to a or a' the corresponding value of the 
other will he determined and the position of the diameters known. 

If B = 0, tang a = 0, and equation (1) gives 

tang a' ^^ ai , a' = 90°. 

If a' = 0, tang a' ~ 0, whence 

tang a = ro, ra == 00". 

Hence, if either diameter coincides with the transverse axis the 
other will coincide with the conjugate. Also, if either a or a' is 
90° the other will be ; that is, if either diameter coincides with 
the conjugate aais. the other will coincide with the transvei'se ; 
and the axes are conjugate diameters. 
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145. If any conjugate diameters, except tio axes, are at right 
angles, we mast have, [see figure of Ait (143)], 

D'CB' = a' — a = 90", a' = 90° -f a, tang a' — — cot a. 

By tlio substitution of the last value in equation (1), of the pre- 
ceding article, it becomes 

tang K cot a ^ — (1), 

which, (since from Trigonometry tang a cot a =i E* ^ 1) can 
be satisfied for no value of a, except a ^ 0, or a. ^ flO", 
in -whicli case as seen above, the diameters coiiicido with the axes ; 
Iience, the axes are the imly conjugate diameters at right angles. 
If a =: b, equalion (1) becomes 

tang a cot a = 1, 

which is satisfied for any value of a ; hence in a circle, any two 
conjugate diameters ai'e at right angles. 



146. By comparing equation (1), Art, (144), with equation 
{l),Art. (135), we see that 

hence, if c = tang a, 



and the reverse ; that is, if one of two mppleraentary chords is 
parallel to a diameter, the other will he parallel to its conjugate. 



147. If ill equation (1) of Art. (144), we put — i^ for 6= 
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whicli is the equation of condition for conjugate diameters in the 
hyperbola, and admits of the same discussion, and gives precisely 
the same results for the hyperbola, as were deduced above for tho 



hence, in the eqiiilatei'al hyperbola, the conjuf^ite dnmetnis form 
angles with the transverse axis, which are cimjilpimnt^ ot eidi 
other. 



148. If in eq^uation (3), Art. (14.^}, wo put — h" for b", it 
becomes 

(^=sin'^'-i^COS=«'y + (a'sin=«-6»cos^«)^^=-<.=i^...(l), 

and mailing y and x, in succession, each equal to 0, we find 



-y/^. 



V= 



The reality of these values will depend upon the sign of the de- 
nominator under the radical sign. If that of tho first is negative, 
X will be real. In this case 

ft" sin^ a - 6= oos^ « < 0, !'"' " < — , tang a < - ; 

hence, from equation (1) of the preceding article, we have 
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= a' - i' coa« «' > 0, 



and the denominator, under tlie second radical sign, is jiositivo, 
and the Talue of y imaginary. 

In the same way, it may he shown that if y is real, x must he 
imaginary. Therefore, if one of the conjugate diameters of the 
hyperbola cuts the curve the other will not, and the converse. 

If then, we regard the above value of x as real, we may place it 
equal to a', snd the imaginary value of y equal to V ■>/ — 1, 
whence 



■ 0.%-' 



from which, deducing; the t 
tuting in equation (1), we h 



;s of tlio denominators, and suhsti- 



■'•*" ('•'). 



for tto equation of the hyperbola referred to its centre and conju- 



e diameters, in which, a' and 6' a 
ters. 

This equation is of the ei 



! semi-conjugate diame- 

I as equation (A), Art. (107), 
and from it we may prove 
as in Art. (143), that each 
diameter bisects a system of 
chords pai'sJlel to its conju- 
gate, or parallel to the tan- 
gent at its vertices, if it have 
vcrtaces. If a second hy- 
perbola he described upon 
DE as a transverse axis, 



ing BA for its conjugate, it is said to be conjugate to the first 
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hyperbola ; that is, two hypei'holas are conjugate when the transverse 
axis of one is the conjugate of the other, and the reverse. 

The equafJott of the conjugate hyperbola, obtained by c 
X into y, Art. (108), and a into 6, in equation (A), is 



149. The parameter of any diameter of either the ellipse or 
hyperbola, is a third proportional to the diameter and its conju- 
gate, the conjugate being the mean. Thus, for the parameter of 



: B'A' 



2!,'i 



The parameter of the tvaBsverae axis, — , ia also the para- 
meter of the curve, Art. (115). 

For the parameter of the conjugate axis, we have 

2a^ 



150. Aa equations {e') and (A'), Arts. (143), (148), are pre- 
i3sely the same as equations (c) and (A), except that a' and 6' en- 
ter instead of a and b, it follows that any algebraic expression de- 
duced from the latter, will become the corresponding expresaion 
for the former, by changing a into a' and 6 into 6', Thus the pro- 
portions of Arts. (126), (126), become 

(«' + ^')(„' _ ^) ; („r + ^„J(„, „ ^,^^ 

(.^' + a%x' - a') : {^" + a%x" _ a') ■ 

the first of which shows that, the scares of the ordinates drawn to 
any diameter of an elUpae, are to each other as the rectangle of the 
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segmenis into which tlie diameter is divided ; and iJie second tliat, 
the squares of ike ordinates drawn to any dmmeter of an liyperhola, 
which intersects the curve, are to each other as the rectangles of the 
distances from the foot of each ordinate, to the vertices of the di- 

1 propertJes eBable us to construct either curve, having 
given, two conjugate diameters and ths 
'■"^'■™ angle formed by them. Thus, let A'B' 

and D'E' bo two such diameters. Re- 
volve D'E' until it becomes perpen- 
dicular to A'B' ; on the two sa axes, 
describe an ellipse (or hyperbola), in 
which draw any number of ordinates mp, m'p\ Ac. ; then revolve 
these until ttey become parallel to the primitive position of B'K', 
their exti'emities will be pointe of the ciirve. 

151. The equations of the tangent. Arts. (128), (131), become, 
when referred to conjugate diameters, 

a'hjy" + h'^xx" = a'n,'\ 

a'^py" — b'^xx" = — a"fi", 

the first for the ellipie, and the second for the hyperbola. 



152, The equations of condition for supplementary cbovd^, 
Arts. (135), (136), when drawn from the e-xtremities of a dlamt-ter 



cc' = - iL, fm- the ellipse (1), 

cc' =^ — , for the hyperbola, 
I which, since the axes of co-ordinates are oblique, ■ 
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present the ratio of the sines of the angles vihkh the chords mako 
with fie axes, Art. (20). 



153. Likewise, equation (1), Art. (137), will heloug to a di- 
ameter and tangent at its vertex, when referred to conjugate di- 
ameters, if we change a into a' and i and h', and regard i^ and d' 
as the ratio of the sines, Ac. ; thus, 

ad' = ~ — . 

Comparing this with equation (1) of the preceding article, we 

cc' = dd', 

and the same for the h jporbola. Ilence, \t c = d, d = d' ■ 
and the converse. Therefore, in either curve, if a chord, drawn 
from the extremity of a diameter, is parallel to a tangent, its sup- 
plement will be parallel to the diameter passing through the point 
of contact, and the converse. Also, if one of two supplementary 
chords is parallel to a diameter, the other will be parallel to its 
conjugate ; or, a set of supplementary chords may always be drawn 
from the extremities of any dianiefer parallel to a set of conjugate 
diameters. 



, give the following 
5 traced upon paper ; 



154. The properties of supplementary chords, diameters, and 
tangents, discussed in the preceding artic 
constructions. 

First, If either the ellipse or hyperbola 
draw any two parallel chords, nn and 
n'n', and bisect them by a straight 
line, this will be a diameter, Art. (100). 
If two diameters be thus constructed, 
their intersection will be the centre of 
the curve. 
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Second. On ajiy ijiameter, A'B', found as abovo, describe a 
semi-di-cle and draw two chords ftom the point M, in which it in- 
teraeets the curve to the extremities of the diameter ; these choi'ds 
■will he supplementary and perpendicular to each other ; draw two 
diameters parallel to these and they will be the asea. 

And, in general, to oonstnict a set of conjugate diameters 
making a given angle with each.other. Upon any diameter de- 
saibe an arc capable of containing the given angle ; from the 
point in which it cuts the curve, draw two chorda to the extreiui- 
lies of the diameter ; through the centre draw two diameters par- 
allel to these chords ; they will be the required diameters. 

Third. If one diameter, aa D'E', is given, and it be required to 
construct its conjugate. 
From the extremily of any 
diameter draw a chord RfK, 
parallel to the given di- 
ameter; draw the supple- 
ment, Om, of this chord ; 
tlirongh the centre draw a 
diameter CA' parallel to 
this supplement, it will be 
the one required. 

Foiirtlh. To draw a tangent at a given point, as A'. Join this 
point with the centre ; through the extremity O, of any diameter, 
draw a chord parallel to CA' ; draw the supplement of this chord, 
Rm ; parallel to which, draw a lino through the given point ; it 
will be the required tangent. 

Fifth, To draw a tangent parallel to a given line, as L. Maie 
the same construction as in Art. (13V), using any diameter as OE, 
instead of the transverse axis. Or thus : draw any two chords 
(wR, ws'R', parallel to the given hne ; bisect them by a straight 
line ; the points A' and B', in which this intersects the curve will 
be the points of contact, through either of which draw a line par- 
allel to the given line, it will' be the required tangent. 
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155. Let CE' and CD' be any two semi-con jugato diameters 
of the ellipse. On the transveree axis AB, 
doscrihe a semi-cirele; through the points jffi''^^______^^^Jli" 

B' and D' draw two ordinates and produce /^fxv -jj'x'v 
them to M and M' ; draw the radii CM f \ ^>..^\\v ,\ \ 
and CM', and denote the angles MCB -^ ^' ° ^ ^ 
and M'CB by /3 and §'. The right angled triangles CPB' and 
CPM, give 

tang a. : tang /3 : : PB' : PM : : 5 : a, 

Art. (12'7) ; hence 

tang a = - tang ^. 

Also, the triangles CP'D' and CP'M', since the angles at t!xe 
s of «' and ^', give 



tangK' 
Multiplying these eq^uation 

tang a tang a. — ~ tang tang 13' = , 

Art. (144); henco 

tang j3 tang 13' == — 1, 

and the two radii CM and CM' are perpendicular to each otlier. 
Art. (38) ; therefore 



156. From the triungles CPB' and CPM, we have 
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CP = a> COS a, CP = w cos ^, 

PB' = o) am a, PM r= a sin ^ ; 

whence, ftom the first two, 

a'cflsct = «co3/3 (1), 

and from tiie second 

«,' since : asin,S ;: PB' : PM :: 6 : a, 

a' Bin a = fi«ln/3 (2). ■ 

In tie same way, the triangles CP'D' and OP'M' ^ve 

6'siiiK' = 6 sin ^' = &COS/3 (4), 

after substituting for cos /3' and sin ;3' their values, as deduced in 
the preceding article. 

Multiplying equations (1) and (4), member by member, and 
then, (2) and (3), and subtracting the latter product from the 
fomer, we have 

or 

.'4'.m(.' - „) = .6 (S). 

Squaring both members of (1) and (3) and adding, we have 

In the same way, from (2) and (4) we obtain 
a'= sin= cc + i'= sin' oJ = l\ 
Adding the last two equations, member by member, 
a'= + 6's = a^ + 6' (6). 
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157. K wa unite equation (1) of Art. (144), witli (5) and (6) 
of the preceding article, we iiave 



' + t" 



+ S>.. 



...(2), 
■■■(»), 



three equations containing six quantities, either three of which be- 
ing g^Ten, the others may be determined. 

If the angle a.' — k, made by the conjugate diameters with 
each other, is given equal to u, we have 

k' — (t — u, tang a' = tang (u + a), 

and this value in equation (1), will give an equation from which 
tang a. may he found, and thus both a. and a', become known. 
Let us resume equation (2), 



n(.' 



,..(2), 



■t the V' 



s of any two conjugate diameters A'B' and D'E', 
draw tangenta forming a parallelo- 
gram. Also at the vertices of the 
axes, di'aw tangents forming a rect- 
angle. Fi'om (he right angled tri- 
angle D'RC, we have 



= D'CanD'GR = 



in{.'-«); 




hence, the first member of equation (2) is equal to CB' x D'R, 
or the area of the parallelogram CQ, while the second member is 
equal to CB X CD, or the area of the rectangle C8. If these 
equals be multiplied hy 4, we have four times the parallelogram 
CQ, or the parallelogram QQ', equal to four times the rectangle 
CS, or the rectangle SS' ; that is, the ptraUelogram constrticted 
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upon any two cmjiigate diaineters of tlie ellipse, is equivalent to the 
rectangle upon Hie axes. 

Multiplying both members of equation (3), by 4, we !ia.ve 

4a'^ + 4i'^ — ia^ + ih\ 
But 

W^ = (2a')=, 4b'^ = {25')'' &o. ; 

lieiice, the mm of the squares upon any two conjugate diameters of 
the ellipse, is equal to the sum of ilw squares upon the axes. 



168. If in equations (l), (2) and (3), of the preceding article, 
we change 1^ into — i= and i™ into — 6'=, we have, for the 
hyperbola, 



tang a tang a' 



■ bK.. 



...(1), 

...(2), 
...{3), 



from which either three of the quantities may be determined when 
the others are known. 

jf a' — a = w, is given, a and a.' may be determined as in 
the preceding artiele. 

The perpendicular D'K is equal to 



D'C sin D'CE ^ 




-iK 



■ «); 



hence, the first member of 
equation (2) ia equal to 
CA' X D'R, or the area 
of the parallelogram CQ ; 
while the second member 
is equal to the rectangle 
CS. Multiplying these 
equals by 4, we obtain the 
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paralleloffram constTiicfed u^on any two evrtjugaie diameters of the 
hyperbola equivalent to the rectangle upon, the axes. 
From equation (3), we have 

ia" ~ 46'= = 4(i' — 46', 

tliat ia, fJte difference of the squares of any two conjugate diameters 
of the kj/perhola, is equal to the differeme of tlie squares of the axes. 



159, If the conjugate diameteiB of an ellipse are equal to each 
other, the two expressions for a'^ and 6'^, Art. (143), must be 
equal, TvMch requires that 

«' sia* « + i^ cos* a = a^ sin^ a' + &« cos' a', 

and every set of values of a and a.' which will satisfy this equation, 
provitted they at the same time satisfy equation (1), Ait. (144), will 
give tlie posiljon of a set of equal conjugate diameters. 
Substituting in the above equation 

it becomes 

(«^ - 6^) cosset = (a« — 6''} cos' a' (1), 

which, imless a — 6, can only be satisfied by making 



The first value cos a = cos a' gives a = a' ; hence the 
two diameters coincide and arc not conjugate. 

The second value cos a = — cos a', satisfies equation (1), 
Art. (144), and requires the angles to be supplements of each 

a' + a = ISO"; 

hence, Art. (135), the diameters must be parallel to the supple- 
mentary chords drawn from the extremities of the transverse to 
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tlie extremity of the conjugate axis. They will therefore make a 
gi'cater angle with each other than any other set of conjugate 
diameteTB, 

If a = b, equation (I), Will he satisfied for every set of 
values of a, and a' ; hence, in the circle, the conjugate diameters 
arc equal to each other. 

When a' — b', equation («'), Art. (143), hccomes 

_a'=^^ + a"x^ = a.", or j/' + *^ = a", 
for the ellipse refeiTed to its equal conjugate diameters. 



160. Ey an esamination of equation (3), Art. (158), it will be 
seen that «' can not he equal to 6', unless a = b; that is, in 
the hyperbola, there are no equal conjugate diameters, except 
when the hyperbola is equilateral, in which c^e each diameter is 
equal to its conjugate. 



OF THE HYPERBOLA REPERRED TO ITS ASYMPTOTES. 

161. If in equation (1) of Art. (143), wo put — 6= for h\ it 
becomes 

(a' sin'' a' ~ 6^cos^a')ji^ + (n^sin^K — 6=cos'K)a:' 

+ 2(a«ainasina' — 6*cosc4 cosa' )ot^= - a%^ (1), 

for the equation of the hyperbola referred to any set of oblique 
axes having their origin at the centre. We may assign such values 
to the arbitrary constants a and a', in this equation, as to cause the 
coefficients of y^ and x^ to be 0, and thus have 



wlience by dividing the first by a'' cos^ «.', and the second by 
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md recollecting that — - = tang^, we d 
tjing k' = ± - , tang a = ± - . 



But it is evident that ' 
in sucli case, llie two now 
therefore, we take 



!3 of C 



ordinates would coincide. 1^ 



and the reverse, 

These vahies may ho readily constructed, thus ; At the vertex 
A, erect a perpendicular 
to BA, on which lay off 
the distances AL and 
AL', each equal to b and 
di-aw the lines CL and 
CL', these will be the 
new axes of co-ordinates. 
For the light angled tri- 
angles CAL and CAL' 




tang ACL = tang ACL' = - = tang a'. 

But the tangent of ACL', taken with a contrary sign, is equal to 
the tangent of 360" — ACL', and also equal to :^ tang a ; 
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360° — ACL' = a, 

and CL' is tie new axis of X, and CL tlie new asis of Y, tha 
angles a and a.' being as marked on the figure. 



CL ^ Va^ + h% 
the right angled triangle ACL gives 



Va> + ¥ 



Substituting these valnes, together with conditions (2), in equa- 
tion (1), we have 



/ — n«62 a%'' \ 
2(, _ —\xy z 



...(3), 



, , f a^ + h' 
placing m tor — 

Solving this equation, we have 
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in which, as x increases, y diminishes ; when x beromea infinito y 
becomes ; and as y can be negative for no positive value of x, it 
follows that the axis of X, or the hne CL', confjnuallj approaches 
the curve and touches it at an infinite distance without cutting it. 
By solving the equation with reference to x, it may be proved that 
tlie line CL enjoys the same property. These two lines are called 
asymptotes of the hj^rbola ; and in general, an asymptote of a 
curve is a line, which continually approacltes the curve and becomes 
tangent to it ut an infinite distance. 

By an inspection of the figure, it is readily seen that the 
aaymptotes of the hyperbola are the diagonals of tlte rectangle 
described on the axes. 

Equation (3) is called the equation of the hyprbola referred to 
its centre and asymptotes. 

If the hyperbola is equilateral, a' = 45°, tang a' = 1, 
the angle LCI/ = 90°, and the asymptotes are perpendicular 
to each other. 



1G2. If we take the expression. Art. (132), 
a; = f^ ^ CT, 

and mate x" — a, the least value it can have for points of the 
curve. Art. (107), we 
shall obtain 

CT = n = OA, 

which is tJie greatest 
value of CT. As x" in- 
creases, CT diminishes 
until a:" ^ CO , when 
CT = 0, its least value, 
and the tangent coincides with the asymptote ; hence all tangents 




H.sBSbvGoogle 



drawn to the hyperbola intersect the transverse axis between the 
centre and tJie vertex of that branch to which they are drawn ; 
and the asymptoles are the limils of all tangents. 



163. If we multiply both members of equation (3), Ai't. (161), 
by sin 2a', the sine of the angle LCL' included by the asymptotes, 
we have 



The second member of this equation, is constant, and the tirst. 
for any point of the curve, as M, is 



CP X PM sin MPw = CP X Un. 



which is the area of the parallelograi 



CPME Hente, the ueia 
of all piiallelogiams dp- 
Kciibed on the abscissii 
and ordmatei of points of 
the curve, referred to the 
asymptotes, are equal, each 
being measured by the 
expression m sin 2a'. 

If the point M is placed 
at the vertes: A, the par- 
allelogram becomes the rhombus AOCO', each of its sides 




ivsi 



This rhombus, described on the abscissa and ordinate of the 
vertex, is called the poioer of the hyjierbola, is equivalent to the 
parallelogram described on the abscissa and ordinate of any point 
of the curve, and aa is readily seen from the figure, is one eighth of 
the rectangle described on the axes. 
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la the equilateral liyperbola 

2a' = 90°, sin 2a' = 1, 

and tlio power becomes a square, the area of which if 



164. Let -ti" y" denote the co-ordinates of any point, . 
of the hyperhola. The equation of a 
right line passing through this point, will 
be of the form 

,-,/' = d(x - I") (1). 

The equation of the hyperbola being 
^ = ">■ (2), 

the condition that the point M shall be 
on the curve, will be 




Subti-acting this from equation (2), ^ 



Combining this with equation (1), by substituting the value of 
y taken from (1), we ohtaia 



y"{^ - 0^') + dx{x 



Placing the two feotors of the last equation, separately, equal to 
0, we obtain for all the common points, Art. (128,) 
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Tlie first value of a is evidently the abscissa of tlie point M, flie 
aeeoncl must then he that of M'. 

Now if the line MM' he revolved ahont M uulil the point 
M' coinddes with M, it will hecome a tangent, and the value of x 
in equation (3) will hecome a", whence we have 

d = - t^. 
This value, in equation (1), gives 

for the equation, of the tangent, referred to tlie asymptotes. 
If in this equation we make y = 0, we have 

X — ic" = X" = PT, 

that is, t/ie suhlangmit is equal to the abscissa of the point of contact. 

And, since JPT = OP, we have MT = MS ; that is, th^e 
part of Ike tan</ent iveluded between the asymptotes is bisected at 
the point of contact. 

If in equation (l) we make y = 0, we find 



. r . 



CV - CP ^ PT', 



the same value found in equation (3) for the ahscissaof M' ; hence 

PT' = M'P', 

and tlie two triangles MPT' and M'P'T", having their angles also 
equal, are equal, and MT' =: M'T" ; that is, if any straight 
line he drawn eutting the hyperbola, the parts included between the 
curve and asymptotes will he equal. 

This property enables us to construct the hjperhola hy points 
when a single point and the asymptotes are given. Through the 
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point, as M, draw any right lino ; fi'om the point in which it cuta 
one of the asymptotes, lay off the distanco T"M', equEil to the dis- 
tance MT', from the given point to that in which it cuts the other 
asymptote ; tke extremity of this distance will be a point of tlie 



165. If a tangent TS be dravm at any point, M, of tlie hyper- 
bola, and the half tangent 
MT he denoted by t, the 
half diameter MC by a', 
and the perpendicular Mn 
be drawD, tie two riglit 
angled triangles MbC and 
M«T will give 

a'^ = (« -i- P»j)= + Ma'^' 

(2 — (a _ r„)a + jfc''. 

Subtracting and reducing, we have 




. i= = 4.i:P». 



But the right angled triangle MPw, 
MPk = 2a', gives 



which the angle 



(j'2 — i^ ^= 4xy COS 2a' =; 4m cos 2a'. 

The second member of tMa equation is constant, and will there- 
fore be the same for any position of the point M. If this \ximt be 
placed at the vertex A, the half diameter will be CA = a, und 
the half tangent AL ^ b ; heace 
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0,2 _ ja _ 4^ c^ 2a! ; 

But, Art. (158), we have 

a'2 - i'= = a= — 6^ 

tiierefore, wo niust have 

t = h' or 2< = 25' ; 

that is, if a tangent he drawn at any point of the hyperhola, Gie part 
intercepted between the asymptotes will he eqvml to the conjugate of 
the diameter posing through the point of contact. 

Sinw tte line E'D' is equal and parallel to TS = QO, it 
follows that the figure QOST is a parallelogram, and that the ver- 
tices of any paraJlelogi-am described on a set of conjugate diameters, 
will lie on the asymptotes. 



OP THE POLAR EQUATIONS OF THE ELLIPSE . 
HYPERBOLA. 



1G6. 


If in equation 


, {.), Art. (105), we 


1 substitute the 


values 


X and ; 


/ from formulas 


(2) of Art. (69), 










x = a' + r. 


y 


- I 


I' + /-sin 


., 


wc shall obtain after reducljoii 








(.-ritf 


'^ 4- fi^cos^^ 


y -1- 2(a=6'Bin»; 


+ 


&%' COS v) 








+ a'S'2 + h'' 




- a'6= = 


( 



for the general polar equation of the ellipse. 

By changing 6* into — i', this will become the general polar 
equation of tie hyperbola. 
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By assigning partieukr values to a' and h\ id the above equa- 
tion, the pole may be placed at any point in the plane of the 

First, tf tJie polo is on the curve, we must have, Art. (108), 
a=i's + iW - ««6' — 0, 
and the equation reduces to 

[(«■»«••+ J- 00.-.)/+ 2(«'ym» + JWtos.)],' = 0, 
which may be satisfied by placing r = 0, or 
(«=siu'y + i;^cos=t'y + 2{a!'b'mw + b^a- aosv) = (2). 

The pole being on the curve, one value of t is necessai'ily equal 
to 0, and the other deduced from equation (2), will, for each value 
of V, give the distance from the pole to the second point, in which 
the radius vector cuts the curve, Art. (70). 

If this second value of r becomes 0, the radius vector will be- 
come tangent to the curve, and equation (2) will reduce to 

a=i' sill V + h^a' co3 i' = 0, 



cos V ^^"^ " «=fi' ' 

83 it should be, Art. (128). 

For the hyperbola, we ahull have the same di 
suit, except that — h" takes the place of h^. 

Second. If the pole be placed at the centre, we hav* 

a' = 0, h' = 0, 

which reduces equation (1) to 

{a^ sin^ i> + 6= cos^ vy^ — a^'' = ; 

whence 

13 
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,.,(3). 



The second value of r is negative for all values of v, and there- 
fore gives no point of the curve, Art. (69). 

The first value is positive for all values of v, and aa v varies 
from to 360°, will give all pointe of the curve. 

If V = 0, einy = 0, cos a = 1, 
and r reduces to 



r T' it r = a =: CB. 

li V =^ 90=, sin V — 1, cos JJ = 0, aad 

r - b =ca 

If in tlie first value of r, (S), we put for sin' v its value 
1 — cos* V, divide both terms of the fraction under the radical 
sign by a*, and thea place 



e representing the eccentricity of the ellipse, Art, (118), we shall 
obtain 



For the hyperbola, equation (3), becomes 



v= 



the second value of which is negative for all values of v. 

The first value is positive but imaginary, unless the denomina- 
e which requires 
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As 11 mci'easea from 0, 
tte denominator will be 
negative until 




a" sin^ V = b" coa° v, tang w — _ , 

when the value of r will he infinite, in ivhieh case v = LCA, 
and the radiws vector coincides with the asymptote OL, Art. (161). 
As V increases beyond this value, a* sin' v becomes greater than 
b" eos^ V, and r will bo imaginary until 



in which case v = ACL" and the radiui 
with CL". 

When V ^ 180°, we have 



vector coincides 



and as v still increases, we shall continue to have real values for r 
until It coincides with OL'", when tang v again becomes equal to 
_ , and fiom this point the values of r will be imaginary until the 

radius vector coincides with CL', wien they again become real and 
continue so to i> =; 360°. 

The first value of r thus gives all the points in both branches 
of the hyperbola. 

By a process similar to that pursued in the ellipse, the first value 
of r may b 
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in wliicli e represents the ecoentiicity of the typerbola, Art. 
(119). 

Third. If the pole be placed at the right hand focus, for which 

equation (1), becomes 

(«« siE= 1^ + i^ cos' vY + 26^c cos vr — h^ = 0. 

If for sin' v ive put its value 1 — cos' v, and for a* — b\ 
its value c*, this eq^uation reduces to 

(a' — <;= cos" »/V + 26'c cos *>/■ = 6', 
from wbich 



■ h^c cos V 



V, 



± ajs - 6=cc. 



whence, the two values 

' = — ^^ (*). ' = -^i^ (=). 

a + c cos 11 a — c cos 11 

Since for tlie ellipse 

c = -y/a^ _ ja < a and cos ); < 1, 

the second value of r is always negative and must therefore be 
rejected. 

As V varies from to 360°, the firat value of r will be positive, 
and give all points of the ellipse. 

For the hyperbola, expressions (4) and (5) become 

' = -^:-^ («), •■ = —-'- (')■ 
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The first value of r will be positive whenever the deEominatoi' 
ia negative. But this can not be unlesa cos v is negative and nu- 
merically greater than " . Every value of v, he^nning with 0^ 
will then make r negative trntil 



V^ 



- fi« 



wlien the radius vector will be parallel to the asymptote CL", Art. 
(161), and r will be infinite. As v now inoveases, cos v will in- 
crease numerically until v ;= 180°, wben cos v ^ — I, 
and 



which is positive, and gives the vertex B. 
this point, cos V will di- r, v 

minish numerically and 
r will be positive until 
we again have 



when f ^ CO , and 
the radius vector becomes parallel to the asymptote CL"', All 
values of v not included within these limits will make the first 
value of r negative and give no points of the curve. Thus, it ap* 
I the left hand 




pears that this value of r gives all the 
branch of the hyperbola, and no others. 

The second value of r will be positive, ' 
positive. Commencing with « = c 

6s 



'hen the denominator is 
IS u = 1, we have 
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which is negative. As v increases, cos v diminishes, and r will re- 
main negative until a = f coa n, when 



Va^ + b^ 



r reduces to infinity, and the radius vector takes tbe position FR, 
parallel to the asymptote CL. As ji increases from this point, )■ 
will he positive until it takes the position FE' parallel to CL'. 
When V = 90", cos a = and 

r = ^ = FM. 
When V = 180", cos w = — 1, and 

r ^ _i!_ = FA. 
a + c 

The second value of r, therefore, gives all the points in the right 
hand branch, and no others. 

If in espressions (4), (6) and (7), we put — c for e, the pole, in 
each, ease, will be placed at the left hand focus. 

If the eccentricity of an ellipse be denoted by e, we have, Art. 
(118), 



ft'om which, we deduce 

c = ac, 6* = a\l - e-) (8). 

Substituting these values in expression (4), we find 
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which expresses the value of r in terms of the eccentricity of tlie 
ellipse. 

For the hyperbola, Art. (119), we have 

. = «., - i^ = „=(l - e^) (9). 

These values in expressions (6) and (7), give 

. _ <■(! - '■) . ^ «(1 - «■) 

in terms of the eccentricity of the hyperbola. 

From equations (8) and (S) we deduce the numerical value 

ft(I _ fS) = -; 

hence, the numerator of each of the ahore values of r is equal to 
<me half the parameter of the curve, Art. (149) ; as is also the case 
in tJie parabola, Art. (104). 



DISCUSSION OP THE GENERAL EQUATION OP THE 
SECOND DEGREE. 

167. Every equation of the second degree between two varia- 
bles, must be a particular ease of the most general form 

aj,* + b:oj + ex" + dp + e^ +f =^ (1), 

w^hich, by assigning particular values to the constants a, b, c, &c^ 
may be made to represent every hne of the second order, Art, (33). 
Although there are sis tenna in the above equation, and ap- 
parently six arbitrary constants, yet it must be observed that both 
membere of the equation may be di^nded by tbe coefficient of either 
term, as a, thus reducing it to the foi'm 

,f + J'^y + c'x^ + d',j + c'x + / = 0, 
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in which there are but jive constants, and to which we can assign 
\i\ii,Jive arbitrary conditions. 

In order then to estimate the number of arbitrary consUmts in 
any general equation, or equation given in form only, we divide 
by the coefficient of one of the terms, and then count the 
number of different ooeffidents remdning. This wil! indicate tlie 
number of arbitrary conditions which the given equation may bo 
made to fulfiL 

In m n n tl 9 discussion of equation (1), we may regard 
th a t -o din tea to which the line represented by it, is re- 
f t Ts a gb a gles ; for if they wove oblique, a change of 

f nee m t,l be m do by means of formulas (5), Art. (67), and 
anw qa.t n tp cisely the same form would evidently result. 



1G8. By solving equation (1), of the prcc* 
reference to y, we obtain 



from which we may readily construct the line by points as in Art. 
(22), Each value of x which will make the quantity under the 
radical sign positive, will give two real values fory, and correspond 
to two points of the curve. These points may be constructed by 
laying off from A as an origin, the assumed value of x, as AP ; at 
P erect the perpendicular PM, on which lay off 



PE = 



^ 



from R lay off EM' in the 
positive direction of the or- 
dinatea, and RM in the ne- 
gative, each equal to the 
second part of the value of 
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y; PM' will be represented by the first, and PM by tlie sycond 
value of y, and M' and M will be the corresponding points of tiie 

Since the point B ia midway hetween the two points M and M', 
it follows that the chord MM' is bisected at E. But since the 
points E, r, &c., ave constructed by laying off the different values 
of the expression 

la ' 

it follows that tlipy must all lio on the right line whose eq^uation is 

hx + d bx, d _ 

^ ^ 27~' '*'" ^ ^ ~ 2a ~ 2^' 

hence, this line will bisect all chords drawn parallel to t!ie aMa of 
Y; it is therefore a diameter of the cm-ve, Alt. {laO) wl miv xt 

once be constructed by laying off AA' =: — — ., md tbongh 
A', drawing the line A'K, mating with AX an angle whoso tan- 
gent ia — — , Art. (26). 
2a 

Hence, if an equatiim of the second degree he solved with reference 
to y, the first member placed equal to that pari of Ike second, which 
does not contain the radical, will ffive ike equation of a diameter bi- 
secting chords parallel to tlie axis ofY. 

If the equation be solved with reference to a;, a similar dis- 
cussion will show that, the first member, flawed equal to that part 
of the second which does not contain the radical, mil give the equa- 
tion, of a diameter bisecting chords parallel to the axis of X. 



169. If in equation (1) of the preceding article, i 
bd - 2ae = m, d^ - iof = 

it becomes 
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in DETERMINATE 



^ ^ 2^ * aS^^*'' ~ *^^^* + ^'"^ '*"™ t^)- 

Let us now remove the origin of co-ordinates to the point A', 
A'K being taien aa a new axis of abaciasas, the new axis of ordi- 
natea being the same aa the primitive, A'Y, In tho formiilaa (3), 
Ai't. (67), we must then have 

a' = 0, !/=-.—, k' = 90° tang a. = — L, 

2u 2a 

and the formulas becoino 

ffi = :r' cos a, y = - -- + x'&ma + y\ 

la 

or by substituting for x' in the second, its value taien fi'om the 
first, we have 



Substituting these values of x and y in equation (1), squaring 
both members and clearing the detiominatoi's, wo have 

4aV' = (6'' - ^<^) cos' "^"^ + 2m- cos ax' + n (3), 

and this may be put under the form 



iay^ = (6^ - ^ac) co,^Jx'' + ^'^ ^ + n. 

\ (S^ - 4<!c) COS aj 

If to the quantity within the parenthesis, we add 

(6= - 4acy cos' a ' 

it will bo a perfect square. To preserve the equahty, we must 
then subtract, without the parenthesis, the same expression multi- 
plied by (h» — iac) COS* a, or 
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The above equation then takes the form 

4ay^={6'-4ac)cos*a/^ + yj- ^-r Y + ''- 

\ (6^— 4Bc)cosay 

If now we again transfer tKe oi-igln to a point, i 
axis of X', at a distance from A' equal to 



the axis of abscissas remaining the same and the new axis of ordi- 
nates being parallel to A'Y, the formulas (2), Art (67), become 



(S* - 4ac) cos « 
Substituting these in equation (3), and transposing, we have 
4((Y's _ {b% _ 4ac) cos* a.ic"^ = » — - — "' - - (4), 

for the equation of the lino referred to the two axes A"X' and 
A"S. 

If 6^ — 4ac is negative ; the essential sign of the second 
term of the first member will be positive. If the second member 
is also positive, the equation will be of the same form as equation 
{e'), Art. (143), and will therefore represent an ellipse referred to 
its centre and conjugate diameters. 

If the second member is negative, the equation will indicate 
that the sum of two positive quantities i s equal to 0, and can be 
satisfied bj no values of s" and y". The line represented by it is 
tten said to be imaginary, and an imagiium; ellipse is a 2>ariimh,f 
ease of ike ellipse. 

If the second member of the equation is 0, it will indicate that 
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the sum of two positive quantities is equal to 0, and can b 
fied by no values, except 



whict. Art. (16), are the equations of a point, also a particular 
case of the ellipse. 

If 5 :^ and a ^: c, we have 

tang a = 0, cos a = 1, 

and equation (4) will reduce to the form 

which is the equation of a circle, Art. (.55), another particular case 
of the ellipse. 

If 6* — iac is positive ; and the second member negative, 
equation (4) will be of the same form as equation {ft'), Art. (148). 
If the second member is positive, the signs of all tho terms may 
be changed aad it will still be of the same form, x" having tho 
place of y, and y" the place of a:. Art. (108). In either case it will 
therefore represent an hyperbola referred to its centre and conju- 
gate diameters. 

If the second member is 0, the equation may be solved with re- 
ference to ji'", and will take the form 

f" = '■''■i^"^ 01' /' = ± r'x", 

representing two right lines which intersect ; « particular ease 
of the hyperbola. 

If & — and « = — c, . the oqnatJon takes the form 

r^ - ^"' = ~ K% 

the equation of an equilateral hyperbola, Ait. (112) ; another par- 
ticular case of the hyperhola. 

If J3 _ 4ac ^ 0, the expre^on (3') will be infinite, and 
the transformation made on equation (3) becomes impossible, but 
under this supposition equation (2} reduces to 
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Ao?y"^ := 2m cos one' -i- n (5). 

If in this, we transfer tte origin to a point on the axis of X', at 
a distance from A', ef^ual to 



tte foitnulaa of Ait. (67) will become 

«' = - is^~ + '■"• 1' = ""• 

and these substituted in equataon (&), give 

< ■, „■! f, ;; „i 2ra COR a ., 

y - ^ ■ ' -^ j-^T" ' 

which is of the same form as equation [1), Art (99), and there- 



If m = 0, expression (6) will bis infinite and the last trans- 
formation become impossible, but in this case equation (2) becomes 

4a'w'* — n, or ji' = ± — -i/m 

x' being indeterminate, and will represent iwo right lines parallel 
to the aada of X', when n is positive ; one right tine which coincides 
with the axis of X' when n = 0, Art. (21) ; and two imagi- 
nary right lines when n is negative. Tliese are particular cases of 
the parabola. 



I'JO. The above diacuaaion evidently depends upon the fad 
that the given equation contmns the second powor of y, or that a 
is not 0. 

If a = and c is not, the equation may be solved with re- 
ference to X, and the same results deduced in precisely the same 
maanei'. 
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If a = and c = 0, and & is not, tlie general equa- 
tion ta,kes the form 

hxy ■\- dy -^ ex -^ f = (1). 

Let us now, by tiie aid of the general formulas. Art (67), 

3T = «' + It', y = i' 4- y', 

change the origin of co-ordinates, mthout changing the direction 
of the axes. We thus obtain 

Wy' + {a'h + d)y' 4- (VS + e)^' + a'h'h + h'd-Va'e + f =0...,{2). 

In this* equation wa havo two arbitrary constants, a' and h', and 
may therefore assign, such values to tliem as to give 



SuL^titutiniT those ^^lut■a in equation (2), it I'edUces to 

If ^ ^ , , de — hf 

whidi, 'iince the dxt^ ot co oidinates are at right angles to each 
other, IS the equation of an equilateral hyperbola referred to its 
centre and as> mptoti,", \rt (161). Equation (1) then represents 
the 8ime hYpeiholo, lefmed to two right linoa parallel to its 
ahvniptotes 

It a = 0, J — 0, c = 0, the equation ceases to he an 
equaticn of the second dcgiee 

From the pie^tous discussion, we conclude, that every equation 
of the second degree ietween two variables represents one of the conic 
sections, that is, either a jjarahola, an ellipse or hyperbola, or one of 
their particular cases. 
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A paraiola viken b" — iac = 0. 

An ellipse teflon b^ — iac ■< 0. 

An hyperbola when 6* — iac > 0. 

The parabola when b" — 4(w ■=. 0, 

I'71. Under this supposition, the value of ?/, equation (1), Ait. 
(169), redui^ to 



=' = " ^^^ * s^'^^^:^^"" w- 

Every value of x, which will make the quantity under the radi- 
cal sign positive, will give two real values of y and two correspond- 
ing points of the curve. 

The value of x, which makes this quantity 0, will give two equal 
values of y, the two corresponding points unite, send the ordinate 
produced is tangent to tiie curve. Art. (35). 

Every value of a;, which makes the quantity under the radical 
sign negative, gives imaginary values for y and no points of the 
curve. 

If we place 

l-mx + M ^ 0, we have iS =r — - — , 

which is the only value of s: that will reduce the quantity under 
the radical sign to 0. Denoting this value hy x', the value of y 
may he written 

hx-^ d _^ 1 ,— — 
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Now, if mis positive ; whether x' be positive or negatiTe, every 
vahie of x ~y- a' will give two real and unequal values for y ; 
X = a' will give .two equal vaiues ; and every value of « < a' 
will give imaginary values. Hence, the curve extends indefinitely 
ia the dii'ectiou of a^ positive, ia tangent to the ordinate PV, which 
corresponds to the absciBaa x', and has no points on the left of this 
ordinate, fts indicated by the full line in the figure. 

If mis negative, every value of x ^ x' will give imaginary 
values for ^; x = x' will give equal values, and x <_ x' 
will give two real and un- 
equal values. Hence, the 
curve is limited in the di- 
rection of X positive by the 
produced ordinate PV, and 
extends indelinitely in the 
direction of x negative, ap in- 
dicated by the dotted line in 
the figure. Hence, in order 
to obtain the limit of the 
curve in the direction of the asia of abscissas, we solve its equation 
teitk reference to y, place the quantity Hfider ilie radical sign equal 
to 0, and deduce the value of x, fids value will be the abscissa of t/ie 
limit, lay it off and through its extranity draw a line parallel to the 
axis of Y, it will be the liiml ; and this limit will be tangent to the 
curve at the vertex of that diameter which bisects the chords par- 
allel to the axis of Y. 

If the coefficient of x under the radical sign is positive, the curve 
will lie entirely on the right of this limit ; if negative, on the left. 
By solving the equation with reference to x, we may, in a similar 
way, construct the limit in the direction of the axis of Y. 
If ))i = 0, the value of y, equation (1), becomes 





^ 






""■^^"^ 






- 


-%■ 



bx -\ 



kv-.. 



H.sBSbvGoogle 



the equations of two parallel straight lines, Avt. (28), when n ia 
positive ; which reduce to mt straight line, when n. ^= ; and 
to two imagino/ry parallels, when n is n^ative, as seen in Art. 
(169). Henee, an equation of a parabola being solved with re- 
ference to either vaiiable, if the quantity under the radical sign 
is a positive constant, the equation will represent two parallel 
straight lines. 

If this quantity is 0, or the radical disappears, the equation will 
represent one straight line. If this quantity is a negative constant, 
the equation will represent tvio imaginary 2>^fc-ll'^l^- 

It may he remarked, that ia the first ease, the line whose equa- 
tion is 

bx + d 



hisecfa all chords, tciminated in the two lines and pai'allel to the 
axis of Y, and therefore strictly fulfils the condition of a diameter, 
Art. (100). 

In the second case, the line represented by the equation is the 
diameter itself. 

In the third case, the diameter may be constructed while the 
lines do not exist. 



172. By solving the equation with reference to «, we find for 
the equation of the diameter which bisects all chords parallel to 
the axis of S, Art. (168), 

X ~ •' ' - ; whence v = ~ — — - : 

2e h b 

but since h* — iac = 0, we have 
14 
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lienee the caefficient of te in the above equation is equal to the ci 
efficient of x in the equation 



and the two diametet'a represented by these equations are paral- 
lel, Art (28). 



173. By an application of the foregoing prindplea we are ena- 
bled to represent on paper, a parabola whose equation is given, 
without taking the trouble to determine many of its points. 

First, find the points in which the curve cuts the axes of co- 
ordinates, Art. (22) ; then solve the equation with reference to 
each variable ia succeswon, and constmet the diameters which bi- 
sect the chords parallel to the axes. Arts. (168), (28) ; then con- 
Btnict the limits of the curve in the direction of both axes. Art 
(l7l) ; and draw a curve tangent to these hmifcs at the points at 
which they intersect the diameters and through the points first de- 
termined, taking care to make it symmetrical with respect to both 
of the (hameters. 

Examples. 

First, wli&i m is not 0. 

1. y^ — ^xy ■\- x'^ — y + 'ix — 1 = (l). 

By comparing this with the general equation, Art. (167), we 
see that 

a = L J = — 2, c = 1, *^ ~ 4ac = 4 — 4 = ; 
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lence, the curve is a parabola. 
Making y = 0, we obtain 

3:= + 2,1! — 1 = 0; 
Assuming any line as a unit of r 

- 1 + V2, 

— 1 — V2, 



= - 1 ± 1/2. 
tnd laying off 



AB 



AB' = - 

we have the points in 
■which, tlie curve cuts 
the axis of X. Making 





l>fti/ 


^ 


? 


N 


'■//■> 


r 





e tiie points C and C in which the c 



and may thus doterm 
cuts the asis of Y. 

Solving the given equation, first with reference to y, and then 
with reference to x, we have 



2a! + 1 



± - V - 4^ H 

X = y ~ \ ^ V - y + 3... 
The equations of the diameters are 



,..P), 



which represent the lines DV and D'V. 

Placing tlie quantities under tJio radical signs (2) and (3), equal 
to 0, we deduce 
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for the second, 



Laying off AP ;^ ' 



md drawing the line PV, it must bo 



tangent to tbe curve at V, and since tlie coefficient of x under the 
radical is — 4, the curve will lie on the left of this tangent. 
Laying off AB = 2, and drawing the line HV, it will be 
e limit in the direction of the axis of Y, and the curve will he 
s in the figure. 

2. y'^ ~ 2xy ■\- x^ -\- y — ^x = 0. 

3. y« + a^rjf + a" — 2y — 1 = 0. 

4. y^ — 2xy + s' - 2»/ - 2k = 0. 

5. y' + Ixy + x^ + 2y = Q. 

6. y= ~ a^y + a:= + K = 0. 




3, + 3^3 — 2j, + 2aT — 1 = 0. 



/ 2. y^ ~2xy ■^x'^—l =Q. 

3. y^ + 43Ty + 43:= + 4 = 0. 

Thh-d, -when ni = 0, m = 0. 

1. y^ ~ 2ay + k' +' 2?/ — 2a; + 1 = 

2. y^ — 4xy -{- ix" = 0. 
Fourth, when, m =; 0, ajirf n neyative. 

1. y2 + 2»/ + 3:^ + 1 = 0. 

2. J'^ + y + 1 = 0. 
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1^4. If it is required to construct the curve witli accuracy; ws 
may firat solve its ef^uation with reference to y, construct the 
diameter and determine the limit as in Art. (lYl). This limit is 
tangent to the curve at the point in which it intersects the diame- 
ter. Solve the equation with reference to x, construct the diame- 
ter and determine the limit in the direction of the axis of Y. This 
ia also tangent to the curve at the point in which it intersects the 
diameter. Since these tangents are parallel to the co-ordinate 
axes respectively, they are perpendicular to each other and inter- 
sect on the direoti'i!;. Art. (91). Throtigh their point of intersec- 
tion draw a line perpendicular to either diameter, it will be the 
directrix, Art. (100). Join the two poinls of tangency by a chord, 
this will pass througlj the focus, Art, (97). With either point of 
tangency as a centre, and the distance fo the directrix aa a radius, 
describe an arc, it will cut the chord in the focus, Art. (88). 
Through the focus draw a perpendicular to the directrix, it will be 
the axis, and the curve may then be constructed as in Art. (I 



To illustrate, let ns rec 
ceding article. Having 
determined the hmits P V 
and RV, through their 
point of intevsecfJon S, 
draw SO perpendicular 
to DV, it is the direc- 
tris ; join" the points V 
and V ; with V'E de- 
scribe the arc EP cutting 
VV in F, F is the focus 
paraHel to DV. 



pve- 




through which the axis may be drawn 



The ellipse when Ifi — iac is negatm 



175. The value of y, equation (1), Art. (168), may be put u 
dcr the form 
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Those values of x, which will reduce the radical to 0, iuid givo 
bqual values of y, will evidently be obtained, by placing 



Solving this equation, and denoting' the least value oi x hy x 
and tte otbec by x", the value of y, may be put under the foi'ni 



These roola x' and ar" may bo i'eal and unequal, real and e^tial, 



When real and unequal. For every value of a; > x" the 
factors it! — x" and x — x' will both be positive, theii' pro- 
duct also positive, and the quantity under the radical sign nega- 
tive. The corresponding values of y will therefore be imaginary, 
and there will be no corresponding points of the curve. 

For X ^= s", the quantity under the radical sign is 0, the 
two values of y equal, and the ordinate produced is tangent to tho 
curve at the vertex of the diameter whose equation is. Art. (108), 



For every value of a; < x" and > «', the two factora cc — x" 
and x — x' will have contrary signs, their product will be negative, 
and the quantity under the radical sign positive, and there will be 
two corresponding real values of y and two points of the cui-ve. 

For * = x', the quantitv under the radical sign again be- 
comes 0, and the ordinate will be tangent to the curve at the other 
vertex of the diameter. 
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For every value of a; < x', the factors x — x" and x ~ x' 
will be negative, their product positive, and the values of y imagi- 

Therofore, if two distances AP and AP', represented by x' and 
and x", he laid off on the axis of X, and through their extremities 
two lines be drawn parallel to the axis of Y, these lines wil! be 
tangent to the curve, and no point 
of the curve can lie without them. 
Hence, to obtain the limits of the ^ 
curve in the direction of the axis of 
abscissas ; ve solve fie equation 
with reference to y, place ike quan- 
tify under the radical sign eijtial to 
0, and deduce the roots of the equation, these will he tke abscissas of 
the limits ; lay off these abscissas, ami ikrovgh their extremities 
draw lines parallel to the aais of ordinates, they will be the required 
limits. These limits will be taaigent to the ellipse at the vertices 
of the diameter which bisects all chords parallel to the axis of Y. 

By solving the equation with respect to x, we may ohtjiin, in a 
similar way, the limits in the direction of the axis of Y. 

If the roots x' and x" are equal, we have 



-:^ 



s^ 



(^ _ .'){, - 



: (,, 



and the value of y reduces to 
hx + d 



by y', 



evidently be imaginary for eveiy value of x exi^pt 
and this gives for the corresponding value of y, denoted 

, _ hx' + d 
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y' and x' are then iJw co-ordinates of a Angle •point, to whicli tlie 
ellipse in tiis case reduces. Art, (168), 

If the roots x' and x" are imagivary, t!ie product (« — x') 
[x — x") will be positive for al! values of x* \ hence, every 
value of X, in equation (I), will give imaginaiy values for y, and 
there can he no points of the curve, which is said in this case to he 
imaginary. Art. (168). 

176. An equation of an ellipse being given, the curve may be 
well represented by following the rule laid down in Art. (170). 



ExaTnples. 

First, when, x' and x" are real and unequal. 

1. y^ — ixy + Sa* + 2y — a = 0, 

in which 6* — iac ^ 4 -— 8 = 
and 




= a: — 1 ± V- 
;' = AP" = _ 



2 ^4 



* Note.— To prove this, we have only to recolject that imaginary ri 
always enter an equalion in pairs, and must be particular cases of 
general form 

llie factors correspondmg lo whicli arc 

,_{a^iynT) and x — {a — b-,/ ~ i), 

their product being 

1= — 30.1: + flS + fts = (a: - <i)= + *3 , 

■which is evidently positivs for all values of x, since it is Ihs sum of ■ 
I>erfect squares. 
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■IW!- 






Ixy + 1x^ — 2!/ — 2a: = 0. 
%xy + 2J!'' — 2:f = 0. 
2iiy + 3.i;= + 2j/ + ;e + 1 = 
■vai awo! equal. 

■ %:nj + 2a= _ 4a; + 4 = 0. 

■ a'= — 2j: + 1 = 0. 
a»(^ a:" a?'e imo,giiiOiry. 

. a;i/ + a:^ + a; + y4-l = 
- ,^2 + 2^ + 2 = 0. 



177. In order to construct the curve accurately ; we solve the 
equation witli reference to y, con- 
struct the diameter and determine 
the abscissas of the limits as in ~~-„^ H ^ 
Art. {175). Substituting these in 
eitliei- the equation of the curve or 
diameter, we find for the ordinatos 
of the vertices V and Q, 

, _ 5j;' + d ," =, _ ^^' + '^ 

Substituting these in expression (2), Art. (17), we have 
D = a/S^,^ + ('■-'? = -l^VV^^'^ VQ. 
Since tliis diameter bisects chords parallel to the axis of Y, its 
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conjugate will bo V'Q', passing tlirongk tte centre C and parallel 
to AY, Art. (143). If we denote the abscissa of the point C by 
%, and substitute it in equation (1), Art. (l'7o), we have fortiie 
.iorresponding values of y, T"V and P"Q', 



The difference of these two values is the length of V'Q' ; hence, 



V'Q' =: -V(6s - 4ac){z - x')(^ ~ X"), 
■r substituting for s ita value, which is ovidenUy 



The loEgth and position of those two conjugate diameters being 
now known, the cui've may he constructed as in Art. (150). 

The angle V'CQ, made by the conjugate diameters, may be 
readily measured, since the tangent of the angle GDP", in any 
position of the diameter, will have the same numerical value as 
tang (X, and therefore be equal to — — taken with a positive 

sign ; whence, by a reference to a tabie of natural sines, &c., CDP" 
becomes known, and since 

V'CV = 90'' - CDP", 

V'CQ = ISO" ~ V'CV = 90° -h CDP". 
The two conjugate diameters and tbe angle made by tliem 
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being thus known, the curve may be constructed as in Avt. (150), 
or tie axes as well as tbe angles a and ct' may be detaiioined 
from equations (1), (2), and (3), Art. {I5l). 

The Hyperbola lulwn Jfi — 4«c is positive. 
178. Let us resume the value of y, equation (1), Art. (iTs), 



. te)(^ ~ ^'){^ - X") (1), 

inivhth we mu-it lomemb'"! thi,t r anl x" are the values of a 
obtained by pl'icmg the quantity undoi the radical sign, in the 
geneia! value of i/, equal to zeio, and that they will be real and 
uniqwd teal and equal, or imtiflnai)j 

When veal and unequal. For every value of « > x", the 
factors a; — ai" and x ~ a' will both be pMitive, and the 
quantity under the radical sign positive. The corresponding 
values of J/ will therefore be real and unequal, and there will be 
two corresponding points of the curve. 

For a = x" the quantity under the radical sign is zero, and 
the eorrespoudiug ordinate produced will be tangent to the curve 
at the vertex of that diameter which bisects chords parallel to flie 
axis of Y, Art. (168). 

For every value of a; < x" and > x', the two factors 
will have contrary signs, their product will be negative, and the 
corresponding values of y imaginaiy, and there will be no corres- 
ponding points of the curve. 

For X = x', the corresponding ordinate produced, again be- 
comes tangent to the curve at the .other vertex of the above di- 
ameter. 

For every value of a: < i:', the factors will both be negative, 
their product positive, and the corresponding values of y real. 

Therefore, if two distances AP and AP', represented by x^ and 
x", be laid off on the axis of X, and through their extremities two 
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lines be drawn parallel to 

the axis of Y, these lines 

will be tangent to tlie curve, 

no point of the curve will 

lie between thorn, and tie 

11 extend to infinity 

n I th directions without 

th m Hence, we obtMn 

,he limits of the hyperbola in di d t f ther axis of co-ordi- 

lates in the same way as descr be 1 n A t (IVS). 

If the roots a^ and x" are equal, the value of y, equation (l), 




s in the corresponding ci 



ti the ellipse, Art, (175), reduces to 



y = - - 



-VW 



■ iac, 



wHch will evidently be real for every value of a% ■ This equation 

then represents two right lines wMeh intersect, and to which the 

hyperbola in tiiis case reduces. 

If the roots af oftd a" are imaginary, the product {x ~ «') 

(x — x") will be positive for all values of x ; [see note. Art. 

(175)], hence every value in equation (1), will give real values 
for y, and two corresponding points 
of the curve, and there will be no 
limits in the direction of the axis of 
Z, as was to be expected, since the 
abscissas of these limits a' and *" 
arc imaginary. It also follows, tiat 
the diameter which bisects chords 
parallel to the axis of Y, has no 
does not intersect tie curve, which must be as repro- 




ve rtices, 
sen ted i 



the i'm 



] 79. An equation of an hyperbola being ^ven, the curve may 
bs well represented by following (be rule laid down in Art. (173). 
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Examples. 

First, when US' and x" are real and unequal. 
1. y^ — 2ay — k' + 2 = 0. 

in which 

i^ — 4ac = 4 — 4xlx —l' 
= 4+4=8, 



y = ^ ± \/2x^ - 2. 
. /^a'-f 2» — 2y + l=0. 

3. y^ -^ xy — 2e' 4- !■ = 0. 

4. y= — 2xy - x'^ - 2y + ix + B '- 

Second, wlien x' and xf' are real and equal. 

1 j/3 — 2a:= + 2y + 1 = 0. 

2. j,s — a:* = 0. 

3. ys + a^/ — 23:' + 3:c — 1 = 0, 
SViiirf, when x' and x" are imaginary, 

1. y^ — Sxy — x" — 2 ~ 0. 

2. y^ + 23T/ — e'' + 23: + 2i/ — 1 : 

3. y'^ ~ 2xy — x^ — 2f. — 1 = 0. 



180. The c na mi> ^l o Vo lou tiuct 1 i cui\t I> I)y first 
determining thi length and pjsittn of tw) conju^ite dnmetei's, 
n Alt {111) The e\iies'5iom for these diaiiietora 
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will be the same fis those deteraiiDed for tlie ellipse. Por 
which bisects chords parallel to the axis of Y, 



- -^Ifl + 4a^ ; 



md for its conjugate 



la 



- V4«. 



the first of which will be real, and the Becond imaginary, when a' 
and x" ave real, and tiie reverse when a;' and a" are imaginary. 

In this case, the angle VCD [see figures in Art. (178)], inclu- 
ded between the two conjugate diameters, is always equal to 
90° — CD A. But we know that tang CDA is numerically equal 

to tang a = — . — . We therefore have 
2« 

tang VCD = cot a, 

from which the angle may at once be found, and then the curve 
be constructed as in Ai't. (150), or the axes, together with a and 
k', may he found from ec|uationa (1), (2) and (3) of Art. (158). 



OF CENTRES AND DIAMETERS. 

181. The Centre of a curve is a point, througk lahick, if any 
straiffht line be dravm, tei-minattnff in Ike cwi-ve, it will be bisected 
at this point. 

It follows from this definition, that for each point, aa M, of a 
curve which has a centre, there will be another corresponding 
point, aa M', on the oi)posite side of the centre and at the same 
distance from it If therefore the origin of co-ordinates be placed 
at the centre, the co-ordinates of these two points will he equal 
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with contrary signs ; that is, if tte 
co-ordinates of one point are + »' 
and + y\ tliose of the other will he 
— ic' and — y', and the eccuation 
of the curve must be satisfied by 
the suhstitutiou of each of these 
sets of co-ordinates. But, this can 
not be the case, unless all the 

terms of the equation containing the variables are. of an even de- 
gree ; for if some are of an odd degree, ihe signs of these tevnjs 
■will be different when — 3^ and — y' are substituted, from what 
they are when -f- x' and -1- y' are substituted, while tliose of an 
even degree wiJi remain the same. It is evident then, that the 
equation can not be satisfied, in both cases. 

In order then to ascertain whether a given curve has a centre, 
we firet examine its equation and see if all its terms are of an even 
degree with respect to the variables. If they ace, the origin of 
co-ordinates is a centi'e If they are not, we subsfituti" for the vi 
riables their values taken t m th f mul ( ) A L (67) and 
if such values can beag dtthabt y eon L nL a and h 



e will c 



J all 1 






f 



e will have a c nt t tl 



d d gi to d '«m 
I w ngm nd th 



If 
1 of 



;m. If no real and ti t 
e will have no cent 



182. To apply the above principles to lines of the second or- 
der, we resume the geneval equation 

a,y^ -i^ hsyij ■\- Qx"^ Ar dy ■\- ex -\- f = a, 

and substitute for x and y tieir values taken from the formulaa 
of Art. (67). 



Ho.t.rlbyGoOgle 



we tluLs olitain, after reduciDg, and denoting tlio sum of all the 
terais independent of the variables by/'. 

The terms of this equation will all be of an even degree, if 
2ali' + ba' + d = 0, 2ca' + 66' + e = 0, 

which give for a' and &', the values 

, 2ae — hd ,, 2rd — be 



These will be real and finite when b^ — iac is not Kero, from 
which wo coDcIude that there is always a single centre for each 
ellipse and hyperbola. 

"When 6" — iac ^ 0, and the numerators are not zero, 
the above vahies roduco to infinity ; from which we conclude that, 
in general, the centre of the parabola is at an infinite distance, or 
that the parabola lias no centre. 

If js — 4a,; :=: and Sou — bd =: 0, we must also 
have 

2cd — ho = 0, 

for by substituting in this the value oi d z= — , taken from the 
last expression, it becomes 

^ be = 0, or 5 -_L = : 

b b 

hence, in this case the two values of a' and b' both become - , ov 


ivdeterminate ; from which we conclude that there are an infinite 
number of centimes, which, was plainly to be anticipated, as in this 
case the parabola reduces to two parallel right lines. Act. (I71), 
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and any point of tto diameter midway between them will fulfil the 
condition of a centre. 



183, A diameter of a, curve is any straight line which bisects a 
system of parallel chords drawn in the curve, Art. (100). 

In lines of fie second order, if the axis of X be a diameter and 
the axis of Y be placed parallel to the chords which this diameter 
bisects, it is evident that the equation of the curve, when referred 
to these axes, must he of such a form as to give for each single 
value of a, two values of y, equal 
with contrai'y signs. Thus if AX 
b« a diameter, taken as the axis of 
X, and A¥ be parallel to the chords 
which AX bisects, then for each 
value of X as Ap, the two corres- 
ponding values of y, pM andjwi', must be equal with contrary 
signs. This can not be the case as long as the equation of the 
curve contiuns any term with the first power of y The reverse 
is also true ; for if the equation contMn no term with the first 
power of y, for each value of »; there will be two e^uil values ot y 
with contrary signs, and these two values taken together wil! form 
a chord bisected by the axis of X. This axis will therefore be a 
diameter. 

The same reasoning wiU show that if tlie axis of Y be a di- 
ameter and the axis of X parallel to the chords which it bisecte, 
the equation of the curve can contain no term with the first power 
of^. 




184. Let ua now take the general equation of the second de- 
gree, Art. (IfiV), and see if by any change of the position of tiie 
axes of co-ordinates, we can make either of these axes a diameter. 
For this purpose, let us substitute for « and y, their values taken 
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from formulas (3), Art. (6Y). The new equation, leaving out the 
dashes of the variables, will be of the form, 

my^ + pxy_ -\- nsfi -^ qy ■\- i-x -\- s = 0, 

■m = {a tang' a' + 6 tang «.' + c) eos^ a' (1). 

» = (a tang* a. + h tang a. + c) ixt^" a. (2). 

f = (2atajig«tanga'+J(tangoL+tanga')4-3e)coaacosa'...(3). 
g = [(2a6' 4- W 4- '0 tang a.' + i^ca' + bb' + e)}oosa'...{i). 
r = [{2(t6' + ha' + rf) tang a + (2ca' + 66' + e)] coa a... (5). 

If now (he axis of X is a diameter, and the axis of Y parallel to 
the chords which it bisects, wo know from the preceding article, 
that we must have 

p = 0, ? — 0. 

We have then to assiga such values to the ai'bitrary i^uaatitios 
a, a', a' and i', as will satisfy the equationa 

2a tang a. tang a.' + 6{tang a + tang a') + 2c = (6), 

(2a&' + ba' + d) tang a' + tea! + &6' + e = (7), 

and whatever the curve is, this can in general he done ; for any 
value assigned to a in equation (6), taken with, the corresponding 
deduced value of a', will of course satisfy this equation. Tang a! 
being thus fixed, equation (7) can only be satisfied by means of 
values attributed to a' and 6'. But any value of a' taken with the 
corresponding deduced value of V will salisiy this equation. 

In the same way it may be shown that if the asis of Y is a di- 
ameter, and the axis of X parallel to the chords which it bisects, 



and that these equations can always be satisfied. 
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If both of the axes of co-ordinates are diameters, at the sail 
time, and each parallel to the chorda which the other bisects, i 
must have 



We have seen above, that it is always possible to satisfy the 

equation p — 0, (6), by assigning at pleasure a value to 

either a or a', and deducing the corresponding value of the other. 
These two angles being determined, a proper direction is given to 
tie new asas of co-ordinates, while the new origin is yet to be fixed, 
so that we may have at the saMie tjme 



■ 0; 



{'lah' -^ ba' -^ d) tang aJ + {2ca' + hh' -f e) = 0, 

(2ai' + ha' -\- d) tang a. + {2ca' + hh' -[- e) = 0. 

Theae equations being the same, except that tang a in one, 
occupies tlie place of tang «' in the other, it is evident they can 
not both be satisfied, at the same time, unless we have the terms 
separately equal to 0, that is, 



2ab' + 6a' + (^ = 0, 
which give for a' and h' the valucf 



■ ^hh' ^ e 



}fi — 4^ac i' — iac 

"We recognise these values as the co-ordinates of the centre of 
the curve, Art. (182), and therefore conclude that the new origin 
must be at the centre, and that the new axes are conjugate di- 
ameters, Art. (143). And since the above values are finite only 
for the ellipse and hyperbola, and infinite for the pwabola, we con- 
dnde tliat hotk of the co-ordinate axes may he diameters at the same 
time in the ellipse and hyperbola, hut not in ffts parabola. 
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And since tliere are an infinite number of values of ct and a' 
which will fulfil the above conditions, we conclude that in the ellipse 
and hyperbola, there is are inJiniU number of conjugate diamelers. 

We have Been above that equation ^ = 0, being satisfied, 
the axis of X will be a diameter, if we also have 



If in this equation (7) we regard a' and h' as variables, it will 
be the equation of a straight line, and any values of a' and 6' 
which ace the co-ordinates of a point on this line will satisfy the 
equation. Art. (23) ; hence, the new origin may be auy where on 
this line. But this new origin must he on the new axis of X, and 
mat/ be any whero on this axis, (now a diameter of the curve). 
Hence 

5 = 0, 

must be the equation of this new axis of S, or diameter, referred 
to the primitive axes, a' and h' being the variables. 

If the axis of Y be made a diameter, similar reasoning will show 
that r = mil be the equation of this diameter. 

The fact that g =: is the equation of a diameter, leads to 
two important conclusions. 

Mrst. Since by assigning all possible values to a' this equation 
may be made to represent all possible diameters, and since the co- 
ordinates of the centre. Art (182), when substituted for a' and 6', 
in this equation, must satisfy it, as they were obtained by placing 

2ab' + ba' + d = 0, 2ca' + bh' + e = 0, 

we conclude that every diameter passes ikrout/k the centre. 

Second. If any straight line be dr.trtn through the centre, and 
the origin of co-ordinates be placed at the centre, and the light 
line be taken as the axis of X, the values of a' and h' will satisfy 
the equation q =: Q\ and the position ofthe line being given, 
a is known, and the corresponding value of a.', deduced from the 
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equation p = 0, will aatisfy it also and ^ve a proper direction 
to the asis of Y. Both of those equations being thus satisfied, we 
conclude that the right Une is a diameter ; hence, everi/ right line 
passing ihrowffh the centre is a diameter. 



185. We have seen in the preceding article, that both axes of 
co-ordinates can not bo diametei-a in the parabola, but that the axis 
of X will be a diameter and the axis of Y parallel to the chords 
which it bisects, whan 

^ = 0, 5 = 0, 

and a3 the equation when referi'ed to these axes is still the equation 
of the pai-abola, we must have, Art. (168), 



and since p = 0, — 4mK must equal 0. But n 
l)e 0, for if it were, the equation referred to the new a 
reduce to 



which is the equation of no curve ; iience, we must have n ^= 0, 
and the equation will reduce to 

my'^ + rx ■\- s = f). 

Hence, in tho parabola n ^ is a condition consequent 
upon p = and 2 = 0. 

This fact may be verified thus : Since in the parabola all di- 
ameters are parallel, and maito with tho axis of X an angle wliose 
tangent is — . — , Art, (172), and aiuce the new axis of X is 
a diameter, we have 

6 
tanga = - -_. 
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Substituting this value in equation (2), Art. (184), ^ye liave 



4a» 'Za~^ "^ ia ^ 

If the axis of Y is a diameter, it may be proved, in the same 
way, tiiat we must have m = 0, and that the eC[uatioii of the 
parabola will take tbe form 



It may be further remarked, tliut liny value whatever being as- 
sumed either for tan// a or tanff a' and substituted in equation 

(6), will,/w the parabola^ give — — for the value of the other. 
2(i 

Also, if — — be substituted in the same equation for tang- a. 

la -I == 

or tang k', the corresponding value of the other will be - , or in- 
determinate. This is evidently a consequence of the parallelism 
of the diameters of the parabola. 



186. The term locus, in Analytical Geometry is applied to the 
line OT surface, in which are to be found all of the positions 
of a point or line, which changes ita posiljon in accordance with 
some I t m nate law 

Thus f a p nt noved in a plane, so that it shall always he 
at the n d tan f om a fixed point, the locus of the point will 
be the o« fe en of a drcle. 

Als plan tan nt to a surface at a given point, is the locus 
of all ht 1 nes d n tangent to lines of the suriace at thia 
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ISV. Tte dctormination of (he loci of points, which are moved 
ill a given plane subject to certain conditions, gives rise to a great 
variety of interesting problems, several of which it is prop<Be<l to 
solve and disctiss in detail, for the purpose of indicating to the stu- 
dent the general method to be pursued in the solution of all. 

It should be remarked, that pains should be taken to select the 
best position for the co-ordinate axes in each problem, as its solu- 
tion may be thus much simplified. 



188. Froilem 1st. To determine the 1( 
in any of its positions is at equal distances 
fi'om a fixed point and fixed right line. 

Let F be the given point and BC the 
given right hue. Through F draw FB per- 
pendicular to BC and denote the known 
distance FB by p. At the middle point of 
FB erect AY perpendicular to it and take 
AX and AY as the co-ordinate axes. Let 
M bo any position of the moving point, the 
are AT = x, and PM 
lem, we must havo 







--30' 












.i r -^ 









.■dinates of which 
By the conditions of the prob- 



MF = 



MO. 



MF = Vm 



--\l y 
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Squaring both membera and reducing, we obtain 



Hn equation expressing the relation between x and y for all posi- 
tions of the point M. It ia therefore the equation of the locus, 
which is a parabola, Art. (88). 

189. Problem. 2nd. To find the loeua of a point moving in 
such a way, that the sum of its distances from two given poinls 
Bliali always he equal to a given line. 

Let F and F' bo the two given points, and 2c the distance be- 
tween them. Let 2a represent the given line. 

At C, the middle point of FF', erect the perpeudicular CD and 
take CF and CD as the co-otdinate axes. 
Lot M be any position of tte point and 
its co-ordinatM by a; and y, and 
ly r and r' tie distances from the 
point to F and F'. 

The right angled triangle FMP gives 



^^^ 



FM = Mr -I- FP , 

)r, since CF = c, 

111 the same way the right angled triangle F'MP, gives 

T' = !' + (' + e)'- 
Adding these two equations, member by member, we ha' 

,,i _(, ,..2 ^ 2(^2 + ^ + c=) (!). 

md subtracting them, 
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r's - r* = 4cx, or {r + r') {r 
But by the eonditioii of the problem, 



,..(!). 



Subatituting tliis in equation (2), wo have 
Combining this with (3), we deduce 

•■' = « + ", •■ = "-f (* 

Squaring these values and substituting in (1), wc obtain 
«' + -^ = y^ + if' + c\ 



a^y^ + («« - .=) ..= = a^ (a= - c% 
or putting 6^ for a* ~ c', 

ah/ + 6%= = a^i% 
the same as equation (e), Art. (105), and the locus is an ellipse. 

190. Problem Sd. To find the locus of any point of a given 
right line, which is moved so that its extremities shall be con- 
stantly in two ofJier right lines, at right angles to each other. 

Let AS and AY be the two right lines at right angles, and M 
any point of the given line CB, Denote the 
distance BM by a, and MC by b. Take AX 
and AY as the co-ordinate axes and let 
AP = a:, PM — 3/, 

Since MP is parallel to AB, we have 



PC 



MC 
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vv^. 



&%2 = a=S= ~ ci?f, or uh/ + h'^x^ = a^b^, 

which is evidently the equation of an ellipse whoso seini-transverae 
axis ia BM and semi-conjugate MC. 



191, Problem itk. To find the locus of the centres of all cir- 
cles which pass through a given point and arc tangent to a g^ven 
right line. 

Let M be the given point, and EX the given line. Through M, 
draw MA perpendicular to EX, and 
let AX and AM be the axes of co- 
ordinates. Denote the ordinate 
MA by p, the abscissa of this point 
B F A -Y (yjii jjg 0, Let C be the centre of 

one of the circles and denote its co-ordinates by x' and y'. The 
equation of this circle, Art. (34), will be 

{x - 'x'f + {y ~ y'Y = R=. 

But since it passes through the point M, the co-ordinates of this 
point will satisfy the equation, and give 

^'» -^ {p - y'Y = K^ 

and since the circle is tangent to BS,we have R — y' ; hence 

x'^ + (p - y'Y = y'3, 
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which expresses the relation between ic' and y' for any positioa of 
the circle, it is therefore the equation of the locus. 

If the origin he now transferred to V midway between M and 
A the formulas (2) of Art. (9'r) hecome 



y' - y + '-< 



the substitution of which gives 



the cr[uation of a parabola of which M is the focus and BX tjio 
du-ectiix, and this is eyidently another method of enunciating and 
solving problem 1st, Art. (188). 



102. Problem 5th. To find the locus of the intersection of 
tight lines, drawn from the extremities of the transverse axis of a 
^veu ellipse, to the extremities of chorda of the ellipse perpendic- 
ular to the traaisverse axis. 

Let ABD he the given ellipse and DD' any chord perpendicular 
to AB. Through D and D' 
draw the lines AD and BD', 
it is required to find the locus 
of M, their point of intersec- 
tion. Let the equation of the 
given ellipse be 




ay + bV = a''h\ 

and denote the co-ordinates of the point D by x' and y'. The 
equation of condition that this point shall be on the ellipse will be 

ay= + 6V' ^ 0,%% or j,'= = ^ (^' - x'^) (1). 
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The equation of tJie right line AD, passing through the two 
points A and D, Art. (31), will be 

y = ^l—ix + a) (2), 

MdoCtlieJineD'B, 

y = jf^(^ - «) (3). 

Multiplying tieso equations, memljer by member, we have 

»■ = ^P—.i'' - ■■") (*). 

in which y and x are the co-ordinat«s of the point of intersection, 
for the two particular lines AD and D'B. If y and x' be elimi- 
nated fi'om thia equation, it is evident that y and x will belong to 
no particular lines, but will be the co-ordinates of the point of in- 
tfirsection of all tbe lines which fulfil the required condition ; and 
the resulting equation will be the equation of the required locus. 
Substituting the valne of y'" taken from equation (1) in equation 
(4), it reduces to 

which is the equation of an hyperbola having the same axes as the 
^ven ellipse, Art. (105). 

This method of determining loci, by combining two equations 
belonging to paiMJculai- lines, so aa to eliminate the arbiti-ary con- 
stants which serve to determine the position of the lines, thus de- 
ducing an equation independent of these constants, and therefore 
belonging to all lines which fulfil the required con'lition, is of fre- 

193, Probkiii 6lh. If from the extremily of a diameter of a circle 
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any straight line, as AR, be drawn until it 
intersects the tangent BR at the other ex- 
tremity, and the distance AM be laid off 
equal to NR, it is required to find the 
locns of M. Let A. be the origin, and 
AB and AY the co-ordinate ases. Lot 
AB = 2«, AP = K, PM = y. Then 
drawing !NP' parallel to MP, we hare 



AP 



PM : : AP' 



AM = NR, AP : 



FN = VFb"x AP' = V^i^ 
The above proportion then becomes 



; : Vx{2a. - 



whence 



2tt - 



""^Vj^,. 



for the equation of the locus. The equation being of tlie third 
degree, the line is of the third order, Art. (33). 

All negative values oi x give imaginary values for y. 

a; ^ ^ves J/ =: ± 0. 

Each positive value of jk < 2a gives two real valHss of y, 
equal with contrary signs. 

a: ^ 2a gives y = ± co . 

All positive values of a: > 2a give imaginary values for y, 
and the curve is as indicated in the figure, the line BR being an 
asymptote, Art. (16I). It is called the Cirsoid nf Diodes. 



194. The following problems may he solved by pnrsi. 
methods similar to those indicated in the precsding articles. 
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ibdetkhminatb 



7. To find tlie locus of a point moving in siicli a way, that tlio 
different of its distances from two given points shall ahvajs be 
equal to a given line. 

8. Given the line AB and the two hnes 
DB and AD', to find the locus of M moving 
so that MP shall bo a mean proportional 
between PC and PD. 

9. Given the base of a triangle and the difference of the angles 
at the base, to find the locus of the vertex. 

10. Given the base of a triangle, to find the locus of the vertex 
when one angle at the base is double of the otlier. 

1 1. To find the locus of the point of inter- 
section of a tangent to an ellipse, with a per- 
pendicular let fall upon it from either focus. 

12, Given the semi-circle ASB, to find the 
locus of the point M, so that we may always 



AP 



PS 



AB 



PM. 



13. Given the indefinite right line AB, 
the point C, and the perpendicular CD, to 
find the locus of M so that we may always 
have Mil := AD. 



19S, A swfaee of revolution, is a surface which, may he gene- 
rated hy revolving a line about a right line as an axis. 

By revolving, is to be nndei'stood, moving the lino in such a 
manner, tliat each point of it will gonerat*) the circumference of n 
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circle whose centre is in the asis,and whose plane ia perpendicular 
to the axis. The moving line is called the generalnx. 

From the definition it follows, that every plane perpendienlar 
to the axis will cut a circle from the surface. 

Every plane passed through the axis will cut from the surface 
a taeridktn curve, or line, and if this be revolved about the asis 
will generate the surface. 



106. In order to obtain the general equation of a surface of 
revolution, Art (54), let us take the axis of the surface for the axis 
of Z, and the co-ordinate pianos at right angles. The genera! 
equation ot tlio genpiatris will then bo, Art, {52}, 

' = /W r = m (I), 

and let r denote the distance of any point of this line from the axis. 
Since, fum the natuie of the surface, this point in its revolution 
must desLiibp a circle whose centre is in the axis of Z, and whose 
plane is perpendieulai to this axis, that is parallel to the plane XY, 
we must have in eveiv position of the point, 

x^ ^ y^ = r' (2), 

and since this point is on the generatrix, the values of x and y 
taken from equations (l), must frilfil the condition expressed by 
equation (2), and ^ve 

W + Wf = >■'■ 

Equating these two values of r", we have 

•■ + r =7w' +/W" P), 

an equation expressing the relation between the co-ordinates of the 
point in all of its positions. It is therefore the equation of Ike 
surface, in which /{«) and /'(»), are the values of a and 'j ob- 
tained by solving the equations of the generatrix. 
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19?. To illustrafe, let iia find the equation of a surface gene- 
rated by revolving a right line about an axis not in the same plane 
with it. 

The axis ,of revolution being taken as the axis of Z, we may 
take for the eqimtions of the generatrix, Art, (44), 

s: = az + a, y = bz + 13, 



A') = « + 


«, 




/W 


tituting these in 


equati 


on (3), 


it becG 


I' + ?■ = 


= (a-. 


+ .)" 


+ (' 



■ffl>. 

If tlie axis of X he assumed perpendicular to the generati'ix and 
intersecting it, the projection of the generatrix on the plane XZ 
will be parallel to the axis of Z, and its projection on the plane YZ 
will pass through the origin of co-ordinates ; hence, Art. (45), we 



a = 0, 


3 = 0, 






and the above equation beeomes 








^. + J,. _ 6^. = „> 


' (1)- 






If we intersect this surface by a plant 


1 parallel to XY, the 


equa- 


tion of which, Art. (62), is 








z = <:, X and y 


indeterminate, 






we shall obtaiii, Art. (62), 








a:* -^ i/» = i%= 


+ «=, 








ithe 


plaiii' 



Art. (35) ; and this drcle will he real, whatever bo the value of c ; 
and the smallest possible when c =: 0, in which caao the cut- 
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ting plane is the plane XY, Art. (G2). And since Uiis projuctiou 
is equal fo the intersection itself, we see that every intersection by 
a plane perpendicular to the aria will be a circle, as we know it 
should be, from the definition of tie surface. 
If we make ji = in equation (1), we have 



for the intersection by the piano XZ, Art, (62). 

If wo make x = 0, wo have Sir the intersection by the 
plane YZ, 



and these are evidently the equations of two equal hyperbolas, the 
conjugate axis of each lying on the axis of Z, Art. (105). And 
since the surface may be generated by revolving either of these 
meridian curves about the axis, it is called a kyperhohid of revolu- 
tion of one nappe. Of one nappe, since, as is readily seen, it forms 
one uninterrupted surface. 

1 98. If the generatj-ix is in the plane with the axis of revolution, 
this plane may be taken for the plane XZ, and as botbre, the axis 
of revolution for the axis of Z, in which case the equations of the 
p;eneratrix will be, Art. (S2), 

' = A'). !/ = /'W = », 

:i!id equation (3) of Art. (196) will rediifie to 

«> + !,■= M' (1), 

in which f{z) is the value of ir deduced from the equation of the 
generatrix. 

Examples. 

1. The equation of a right line in the piano XZ, and passing 
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tbrough a point on tho axis of Z, whose co-ordinates are k' ^= 0, 
z' = c, wili be, Art. (29), 

\ from which we have 

/ This substituted in equation (1), ^ves 

^ + y« = <,%z - c)^ 

for the equation of tte cone generated by revolving the right line 
about the axis of Z. This equation may be put under the form 

the angle made by tho generatrix with the base by v. 






{:c=! + f) tang' V = {i - c)\ 
the same equation as that deduced in Art. (80). 

2, If the asis of a parabola in the plane XZ, coindde with the 
axis of Z, and its vertex be at the origin of co-ordinates, its equa- 
tion will be, Art. (84), 



from which we have 

which substituted in equation (1), gives 
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for t!ie equation of the surface generated by revolving a pavabola 
about its axis ; called « paraboloid of revolution. 

3. If the ti-ansrerse axis of im ellipse, in the plane XZ, lies on 
the axia of Z, and its centre is at the origin of co-ordinat«s, its 
eijuation will be, Art. (105), 



«' = ^.("--»')=y!')', 

and tiia in equation (1), gives 

X^ + f^^-ia^^^), or a%^^ + r) 




- 6V = «=fi^..(e). 



for the equation of a surface generated by revolving an ellipse 
about its transverse axis. 

If tlie conjugate axis of the ellipse lies on the axis of Z, tka equa- 
tion will be, 



« + i'.r 



whence 



" = n(s- ".')=/.. 



ind the equation of the surface 



...(a). 



These surfaces are called ellipsoids of revolution ; or aphei-oids. 
The firat is the prolate, and the second the oblate spheroid. 

If in either of equations (2) and (3) we make a = b, the 
ellipse becomes a drcle, and the equation reduces to 

:c' + y' + s= - o?, 

for the equation, of a. sphere. 

4. If in equations (2) and (3) we change h^ into — 6*, we have 
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a%x'' + r) - 



The first represents the surface generated by revolving an hj-pcr- 
bola about its transverse axis, or hyperbolojd of revolution of Iwo 
napp!S. Of two nappes, since it consiafa of two distinct parts, one 
being generated by one branch of the hyperbola, and the other by 
the other branch. 

The second represents the surface generated by revolving the 
hyperbola about ita conjugate axis. Its equation, after dividing 
by 6', becomes 

" + ''- i" = •■• 

of the same form as equation (1), Art. (197). From which we see 
that this surface may not only be generated by revolving an hyper- 
bola about its conjugate axis, but also by revolving a rlgbt line 
about another, not in the same piano wilii it. 



OF SDRFACES OP THE SECOND ORDER. 

100. Surfaces, like lines, Art (33), are classed into orders ac- 
cording to the degree of their equations. 

Wo have seen. Art. (sT), that the plane is the only surface of 
the first order. 

The equation of every surface of the second order must be a 
pai'ticular case of the most general equation of the second degree 
between three vaiiables, 

mx" + ny" + pz^ + m'xy -J- n'xz + i^yt 

-f-TO"*-!- »"j/ + pxx 4- I = (1), 

wbich, for the same reason as that given in Art. (167), miiy \)e 



H.sBSbvGoogle 



considered as referred to a system of co-ordinate planes at right 
angles. 

Points of the surfaces may be determined as in Art. (55), by 
assigning values to x and y, and deducing the corresponding values 
of s ; hut the nature of the surface will, in general, he best ascer- 
tained by intersecting it by planes and discussing the curves of in- 
tersection tlius obtained. 



200. If we combine tlie above equation, with the equation of a 
plane having any position, Art. (56), and then refer the line of in- 
tersection to co-ordinate aies in its own plane, the resulting equa- 
tion will be of the second degree. For one of the equations being 
of the fiist, and the otlier of the second degree, the I'esiilt of their 
combination will necessarily be of the second degree. We there- 
fore conclude, that the line of intersection of any surface of the 
second order by a plane, i« a line of ike second order, or one of the 
conic sections, Art. (170). 



201. In the surface represented hy the general equation of 
Art. (196), conceive a system of parallel chords to be drawn. The 
equations of one of these chords will be of the form. Art, (44), 

<, = a^ + a, y = fe + ^ (1), 

and th se equations may be made to represent any chord of the 
sj ten I y giving proper values to n. and ,S, a and b remaining un- 
hanged If equations (1) he combined with the general equation 
(1) A t (199), and x and j/ be eliminated, a result ^vill be ob- 
tamed of the form 

»■ + -^ + ^ = 0, 

in which the two values of i will be the ovdinntea of the points in 
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Mhicli Llie elioi'd pierces the surface. If x\ y' and i' denole Llie 
co-ordinates of the middle point of tliis ctord, since s' will equal 
the Iialf sum of the two values of a, we shall have 



or putting for s and r their valuas, as found hy the actual combi- 
Lation of the equations, 

i' - _ «(2»t" + i «'6+nO + ;3 (2Bi 4 m'a + p ') '[-ni"a-\-n"b+ p"^ 
~ 2(ma= + «6= V p + »«'"* + »'« + /*) 

Since the point {x\ y', z') is on the chord, we also have 
a^' = fl!/ + «, y' = h%' ^ ^. 

If now these three equations he combined, so as to eliminate c 
and /3 ; x', y' and z' will belong to the middle point of no particu- 
lar chord, and the resulting equation will therefore represent the 
iocns of the middle points of all the chords of the system. Art. 
(192). 

Combining the equations, by substituting for a. and /3, in the 
first, their values taken from the last, we obtain after reduction, 

, _ (2)>ja+ m'h + n')x' + (2ii6 + m'a^-p')y' +m"a + «"&+■ ji" 
' ~ 2p + n'a + p'b ' 

which is the equation of a plane, Art. {5'?). "We therefore con- 
clade, that every system of parallel chords of the surface may le 
bisected by a plane. 

In order that this plane shall be perpendicular to the chords 
ii'hich it bisects,, we must have the two conditions. Art. (50), 

_ 2mn + m'i 4- "' i _ g«i + m'a + ;/ 



and these equations can always be satisfied by at least one set of 
real values for a and h ; for if they be combined and either a or J 



H.sBSbvGoogle 



INDETEUMINATE GEOMETRY. 247 

eliminated, there will result an equation of tLe third degfee, 
containing the other, which must have at least one real root, and 
may have three. Hence, in every surface of the second order, there 
is at Uast one plane which is perpendicular to tlie syntcm, of chords 
■which it bisects. 



202. Let such plane be taken as the co-ordinat« plane XY, 
the axis of Z heing perpendicular to it, that is, parallel to the 
chords. This plane will intersect the surface in a line of the second 
order, Art (200), the asis of which may be determined as in Art. 
(100) or (154). Let this asis be taken as the axis of X and a 
line, perpendicular to it in the plane XY", aa tlie axis of Y, and 
suppose the surface to be referred to this new system of co-ordi- 
nate planes. 

Since the plane XY bisects a system of chords parallel to the 
axis of Z, the equation of the surface must be of such a form, tliat 
for every value of ar and y, it must give two equal values of a with 
contrary signs. It can therefore contain no t«mi involving the 
first power of m. Art. (1 83). "We must then have in the general 
equation of Art. (199), 

ra' = 0, p' = 0, })" = (1). 



And since the axis of X bisects all chords in the plane XY, par- 
allel to tlie asia of Y, the equation of tlie surface must also be of 
such a form that for all values of x, (« being equal to O), there must 
be two equal values of y with contrary signs. The equation can 
then contain no term involving tJie first power of y. We must 
therefore have, in addition to the above equations (1), 



iiid the general equation (1), Ai't. (109), must reduce to tlie form 
mx^ + wy" -f- pz^ + m"x + I = (3); 
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iiiid as the above tvansfonnations are always possible, this equation 
may be made to represent all surfaces of the second order by as- 
signing proper values to the constants which enter it. 



203. To discuss the aliove equation more fully, let us first 
Liansfer the origin of co-ordinates to a point on the axis of X, at a 
distance from the primitive ori^n represented by the arbitrary 
quantity a', tUe axes remaining parallel to the primitive. The 
formulas of Art. (T2} become 

3r = o' + a', y = y', % = z'. 

Substituting in the above equation, we obtain 

nu:" + ny'" + P'^'^ + {2ma' + m") x- + tna'^ + m'W + 1=0.. .(1 ). 

Since a' is arbiti-ary, we may assign to it such a value as to mate 

2wMi' + m" = 0, or a' = _ ^ , 

2m 

in which case the equation, after denoting the absolute term by I' 
and omitting the dashes of the variables, reduces to 

ras." 4- ny^ + pz^ + I' = (2). 

Tf m = 0, this transfoinintion mil in general be impossible, 
as we shall then have 

»'= -^= " (>}■ 

In this case we may assign to a' such a value as will make 

m"a' + I =0, or «' = L, 

and equation (1) will reduce to 

ny' + ps" + m"ic = (4). 
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T£ however, we liave at the same time m" =■ 0, this tvans- 
fijvmation will be impossihle. But in this case, equation (1) will at 
once reduce to 

ny'' + p^^ + ^ =^ 0, ^ indeterininate (a), 

which is evidently the equatioii of a right eyhnder with an ellipti- 
cal or hyperbolic base, according as m and p have (he same or con- 
tnipy signs, Art. (170), the axis of the cylinder coinciding with the 
axis of X. Moreover, in this case equation (3) gives 

a' r= _ iiideteriiiinaie, 


and any point of the axis of X will fulfil the required condition. 
If ni = 0, n = 0, equation (3), Art. (202), reduces to 



If tn, = 0, p :^ 0, it reduces to 

ny' + m"x + / ^= 0, t indetcrmiimte ; 

both of which are eqnations of right cylinders with parabolic base?, 
the axis of the fiwt being parallel to the asis of Y, and that of the 
second pai-allel to the axis of Z, Art. (78). 

If Hi" = also, in the last two equations, the first will ^ve 

a = ± \/ — — , X and y indctermirmte, 

V p 

which represents t o pi ne ] ir 11 1 t the j 1 e XY, Art. (62j ; 
which are real len / nl ^ h^ out '^rj ^ns ; become one 
when I =■ and a e m giniry vhen ^ an 1 ^ have the same 
sign ; and are part eula ^ses of tie cyl nder analogous to the 
particular cases of the parab H disc ssed A t {171). 

In the same ay t maj be p o e 5 that the second equation 
will represent t v planes i irillel to the pi ne XZ 
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If TO = 0, n = Q, p = 0, the equatioa ceases to ha 
one of the second degree. 

From this discussion, we see that all surfeces of the second order 
will helong to one of the three classes represented by the following 
equations. 

' + ; = 0. 

'x = 0. 



First, 


m^= + ny- 


Second, 


ny'' + pz" 




ny- + -pt^ 



204. The centre of a surface is a point, through which if any 
straight line be drawn terminating in the surface, it will be bisected 
at this point. 

If the origin of co-ordinates be placed at the centre, it is evident 
that fo e e V po nt on one side of this origin, there must also be 
a other a d ctly opposite direction, at the same distance, and 
hSving the sa e co-ordinates with a contrary sign. Hence, the 
eq at on of the s tfface must be of such a form, that it will not 
hange h n fo + ^, + y and + i, ~ x, — y 
a 1 — a e bstituted ; that is, all of its terms must be of an 
eve le^ pe nth r speet to the vaiiahles. 

In o der then to ascertain whether a given surface has a centre ; 
we see il all the terms of its equation are of an even degree, if so, 
the origin of co-ordinates is a centre ; if they are not, we then see 
if the origin of co-ordinates can be so placed as to make all the 
terms of the transforased equation, of an even degree. If this is 
possible, the surface will have a centre, which will be at the new 
origin. If it is not possible, the surfeoe will have no centre. 

205. Ky applying the above principles to surfaces of the second 
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order, we see that all of the first clciss have centres, That none of 
the second have centres. That the cylinders represented Iby the 
first equation of the third daas have an infijiite number of centres, 
each point of the axis fulfilling the required condition. Tiiat those 
represented by the second and third equations have no centres. 



206. Any plane which bisects a system of parallel chorda of a 
aurfece, is called a diametral plane ; and if the chords are perpen- 
dicular to the plane, it is a principal diametral plane, or simply a 
priniApal plane. 

IVo diametral planes intersect in a diameter common to the two 
curves cut from the, surface by these planes, and this intersection 
is also a diameter of the surface ; and two principal planes interaect 
in an axis of the surface. 

A diameti'al plane may be constructed, by drawing thi-ee par- 
allel chords of the surface, not in the same plane, and bisecting 
them by a plane. By constmctin^ two planes in this way, we de- 
termine a diameter, and the middle point of this diameter will 
evidently be the centre. 



207. The PO-ordinate planes being at right angles to each other, 
we see that each of them, in surfaces of the second order of the 
first class, is a principal piane. For, if equation (2), Art (203), be 
solved with reference to either variable, we shall have two equal 
values witb contrary signs, and these two values taken together^ 
will form a chord, perpendicular to the co-ordinate plane of the 
other two variables, and bisected by it. 

From this, it also follows that the axes of co-ordinates are axes 
of the surface. Art. (206). 

In the second class, equation (4), Art. (203), tbe co-ordinate 
planes ZX and YX, are also principal planes, and the axis of X is 
an axis of the surface. 
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2.l2 INDETERMINATE GEOMETRY. 

In the cylinders represented by the first equation of the tkird 
class, the planes ZX and YX are principal planes, and the axis of 
X is the axis of the cylinder. 

In the cylinder represented by the second, the plane XY is the 
only principal plane, and there is no asis. 

In tboae represented by the third, the plauo ZX is the only 
principal plane, and there is no axis. 



DISCUSSION OP THE VARIETIES OF 
SECOND OaOER. 

208. All the varieties of the firat class of surfaces of the second 
order, or those which have a single centre, may he obtained by 
making in their eijuation. Art. (203). 

First, m, « and^ all positive, I being negative or positive. 

Second. Either two positjve and the other negative, / being 
positive. 

Third. One positive and the other two negative, I being posi- 
ti\'e. 

For if all are negative, the signs of both members of the equa- 
tion may be changed, giving the first ease. 

If two are negative, the otiter positive and I negative, the signs 
may be changed, ^ving tie second case. 

If one is negative, the others positive, and I negative, the signs 
in;iy be changed, giving the third case. 

First, m, n and p positive, I negative or positive, 

209. Supposing i to he negative, the equation of the first class, 
Art, (203), may be put under the form 

m.cs + m," + pz^ = I (1). 

Let us iatei'scct this surface by planes parallel, respt'ctlvcly, to 
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the co-ordiiiiite planes ZY, ZX and XY. The equations < 
cutting planes, Art. (62), will be 



Combining these with the equation of the surface, Art. (62), we 
obtain 

ni/" + pi^ = I — mh" ; 

m.^■* + pz^ z= I — nk''; (2), 

mx^ + ny' — I — pn , 



for the equations of the piojecticns of the several intersections on 
the co-ordinate planes ; and sinw the cutves are parallel to the 
plan^ on which they aie projected, the projections are equal to 
the curves themselves. 

Eitch of these equations represents an ellipse, Art. (169), and 
these ellipses will be reai when the second members of the equa- 
tions are positive, or 



h < ± 



V^'" *<^V'l' '< ^"Jv 



.= ^SJI, ,^:^^l 



the above equations reduce to 

ny^ + ps^ = 0, ma!* + yi' = 0, mx^ + ny^ = 0, 

and the first members of each being the sum of two positive quar 
titles, they can only be satisfied by making 

wliicli are the equation? of points. 
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i > ±V-. 



, > ^s/l 



the second membeis of the abovo equations (2) will he negative, 
and they can. be satisfied by tio values of the variables, and the 
ellipses will be imaginaiy, that is, the planes will not intersect the 



From tiiis discussion w 



equations (2), become 

ny^ -h pz^ = I, mx^ + pz'' = I, iruc^ + lij/' = I, 

which are the equations of the principal sections, and each of these 
sections is evidently larger than any other made by a parallel 
plane. 

e conclude that if the surface, represented 
by equation (1), be intersected by a 
system of planes parallel, respectively, 
to the co-ordinate planes, the curves 
of intersection mil all he ellipses, ani 
these ellipses will diminish as the dis- 
tance of the cuttiiJg plane from the 
centre, on either side, is increased, un- 
til they reduce to points ; after which Uxere will be no intersection 
and no points of the surface. The surface is' then limited in all 
directions, as in tiie figure, and is called an Ellipsoid. 

If we make y = 0, s ^= 0, in equation {!), we have 



M 


54 


^>-k 


L-^'^ 


>t 


y' 



-^l 



, CB 01- OA. 
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CD or CD'. 



h\Ji = OE or CE', ^\J- = 

g the expressions for those semi-axes, 
id c, we have 



Placing the expressions for those semi-axes, respectively eq^ual 
to a, h and c, wc havo 



and substituting these in otj^uation (1), we obtain 



an equation for the ellipsoid, referred to its ccntvo and a 
goua to equation {e), Art. (105). 



210. If m ■= n, equation (1) of the preceding article may 
be put tinder the form 

■^' + ^' = ^-—^ = -^'^ 

which is the equation of a surface of roFolution, the axis of Z being 
the axis of revolution, Art. (198). But since m = n, we have 
a = 6 or CA = CE, and the surface is generated by re- 
volving the ellipse BDA about its conjugate axis, and is the oblate 
spheroid. Art (198). 

Likewise if n = p, equation (1), becomes 

f + ^ = L-Z„^ =f{7)\ 
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whicli is tlie equation of the prolate spheroid. 
If m = ji ^ p, we obtain 



' + )/^ + 1= = _, 



whicli ia the equation of the sphere^ Art. (198). 
If ; = 0, equation (1) becomes 



wliieh, since tlie fifst member is tlie 
ties, can only be satisfied by making 



which are tliB equations of a point, Art, (41). 

If I is positive, equation (2), Art. (203), tatcs tlie form 
m^ + jiJ/' + p^ ^ — i, 

which can be satisfied for no valu^ of x, y and z, and tlieifore re- 
pr^ents no siiyfece, or an imaginary surface. 

From this discussion we see that the particular cases of the El- 
hpsoid ai'e, the ellipsoid of revolution, the sphere, the point, and 
the imaginary surface. 

Second, in and n positive, p negative and I positive. 
211. In this case equation (2), Art. (203), takes tlio form 

m3^s + 3tij^ — pz" = — I (1). 

luteiBectiug the surface by planes as in Art. (209), we have, fur 
the equations of the projections of the curves of intersection, 
iiy' — pz^ t= — I — fnh" ; 

mx^ — pz' =^ - I - nF; (2) 

mx^ + ny^ ^ - I + pg\ 
Eachoftliefirsttwoofthc.se equations represents an byporbo- 
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2yT 

la, whose transverse axis coincides witli the axis of Z, Art, (105), 
aud which increases in length, indefinitely as h and A increase. 

Tho third equation represents an ellipse, Art. (105), which is 
real when 



' > '. 



a > 



W- 



and imaginary, or tliere is no curve, lyhen 



tv/L 



Art. (62), equations (2), 



- ?. 



- I, 




which are the equations of the principal sections. 

The first two represent hyperbolas, whose transverse axes are lew 
than those of any of the parallel hyperbolas. The tliird equation cai) 
be satisfied by no values of x and y, 
from wtich it appears that tie plane 
XY does not intersect the surface. V 

From this discussion, we conclude, 
that if the surface represented by 
equation (1) be intersected by a sys- 
tem of planes, parallel respectively to 
the co-ordinate planra, the sections 
parallel to ZX and ZY, will be hy- / 

perbolas having their transverse axes / 
parallel to the axis of Z, while the / 
sections parallel to XY, will be ellip 
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fees when at a greater distance from the origin, above or below, 
than the value of ^ in equation (3). Hence, the surface extends 
to infinity in all directions from the centre, and consists o£ two 
distinct iwid equal parts or aappea, as in the figure. It is therefore 
called, an Hy2>^rboloid of two nappes. 

If we make ;/ = 0, s = 0, in equation (l), we have 



■ k 



which is imaginaiy, and the surfiw;e does n 
In a similar way, we find 



ps' = ;, 2 = ± \ A = OA or CB. 
Placing 

"*-(,»-' '^"^6?' -^^^' 

and these in equation {!), give 
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for the equation of the hyperholoid of two na,ppcs, referred to its 
centre and axes. 



212. If TO == n, equation (1) of the preceding article may 
be put under the form 

.- + y. = _ U-El = 7W<, 

which is the equation of a surface of revolutiou, Art {1S8), evi- 
dently generated by revolving the hyperbola about its transverse 
aais BA, or the hyperbolmd of reuohitiija of ivm nappes. 
If ; = 0, equation (1) reduces to 

mx^ + ray' — ps' = 0. 

If this surface be intersected by any plane parallel to XY, we 
have for the projection of the intersection 



which is the equation of an ellipse always real, whether g be posi- 
tive or negative. If g =^ f}, we Iiave 



which can only he satisfied by 

y = 0, ^ = 0, 

which are the equations of a point. If we mate first le = 0, 
and then y = 0, we obtain for the interaections by the co-or- 
dinafe planes YZ and XZ, the equations 

each of which evidently represents two right lines passing through 
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the origin, Art. (189), and flie surface can only be a coTie having 
its vertex at the origin, and axis coinciding with the axis of Z. 

The particular cases of the Hyperholoid of two nappes are, there- 
fore, the hjperboloid of revolution qf two nappes, and the cone. 

Third, m positive, n and p negative, I positive, 
213. Ik tiiis case, equation (2), Art (203), takes the form 

ms« — J!y= — ^s" = _ I (1). 

Intersecting by planes, as in Art. (209), we obtain 
my* + P>^^ = I + mlfi. 

m.1? - px^ = — I + nk^ (2). 

mx^ — ny'' = — I + pg\ 

The fii'st of those equations represents an ellipse, which is 
always real, and increases as h increases in either direction, from 
die origin. 

The second represents an hyperbola, whose transverse axis coin- 
cides with the axis of Z when the second member is negative, or 

nh^ < I, and k < ±yi, 

and with the axis of X, when 

The third is also the equation of an hyperbola, whose transverse 
axis coincides with the axis of Y, when 



^\/l, 
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If in the last two of equations (2), we mako 



/. 



"J"^ 



each of which represents two right lines. 

If A = 0, i = 0, ? = 0, equations (2) hecomo 

ny^ -\- p^ — I, m^ — pz^ = — I, m«' — «?/== — /, 

for the equations of the principal sections. 

The first i-epresents an ellipse, which is smaller than any par- 
allel section, and is called the ellipse of the gorge. The otter two 
represent hyperholaa. We tiierefore conclude that, if tiie surface 
be intersected by planes parallel 
respectively to the co-ordinate 
planes, the sections parallel to ZX 
and yX are hyperbolas; while 
those parallel to YZ are ellipses, 
always real, whatever be their dis- 
tances on either side of the centre. 
The sur&ce then extends to infinity 
in all directions from the centre, 
without being separated into two 
parte. It is oalied an Jnjperboloid of c 
If we make y = 0, z = 0, in 
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whicii is imaginary. In a similar way, we find 

OD=\/i, CA=V^, 

lioth of ivliicii are real. Placing 

we deduce 



3Bd these in equation (1), give 

for the equation of the liyperboloid of one nappe, referred to its 
centre and axes. 



214. If n = p, equation (1) of the preceding article may 
te written 



which is the equation of a surface of revolution, Art, (198), evi- 
dently generated by revolving the hyperbola about its conjugate 
axis, or tim hyperholoid of revolution of one ■mjij>pe. 
If Z ;= 0, equation (1) reduces to 

mx^ ■— ny^ — p%^ = 0, 
wliioh may be shown, aa in Ait. (212), to be the equation of a cone 
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having ita vertex at tte origin, and its axis coinwdiiig with. tKe a 



The particular cases of the Hyperboloid of one nappe a 
fore, the hyperboloid of revolution of one nappe, and the c&, 



215. All the vaiieties of the second class of surfaces of the 
second order, or those which have no centre,. may be ohtained by 
making in equation (4), Art. (203) : 

Mrst, n and p positive, m" being positive or negative : 
Second, n positive and p negative, m," being positive or nega^ 

For, if n and p are negative, the signs of both members of the 
equation may be changed ^ving the first case. 

If n is negative and p positive, the signs may be changed 
giving the second case. 

First, n and p positive, m" positive or necialive, 

216, If m" is negative, equation (4), Art. (303), may he put 
under the form 

Tt'j" + pi:'' = m"x (1). 

Intersecting the surface as in Art. (209), we have for the pro- 
jections of the several curves on the co-ordinate planes, 

nys + p^ ^ m"k, p^ = m"x — nk\ ny^ ^ m/'x — p^^. 

The first represents an ellipse, which is real as long as A is pos- 
itive, and incrciees indefinitely as A is increased, becomes a point 
when h := 0, and is imaginary for all negative values of h. 

The other two represent parabolas, the axes of which coincide 
with the axis of X, Art. (84). And since the parametera of these 

parabolas are, respectively, — and — , whatever be tlie 
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values of h sincl g, it follows that all the paralkl sections a 
to each other, 

By making 7i = 0, ^ ^ 0, 17 ^ 0, ive have 
principal sections 






ny" + j?:= 



jiz' -- 



m/ ; 



The first represents a point, the origin of co-ovdinat^s, and each 
of the others a parabola, having its vertex at the origin. 

From this it appears that the surface extends to infinity in the 
positive direction of the a.\is of X, 
hut does not extend at all to the 
loft of the oi'igin ; that the inter- 
sections by one system of planes are 
ellipses, and by the other two, parar 
bolas. It is therefore called an 
elliptical paraboloid. 

;s positive, equation (4), Art. (203), takes the form 

ny^ + _pa = — m"x, 

in which, if wo change x into — x, we shall have equation (1). 
IJiit the only effect of this change is to estimate the abscissas froiii 
A to the left. The equatJon will then represent the same surface 
revolved 180" ahout the axis of Y. 




: p, equotion (1) of Hit preceding article ii:iiy 



«liich is the equation of a paraboloid of revolution, generated by 
revolving the parabola about its axis, and this is the only particular 
case of the elliptical paraboloid. 
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Second, n positive and p negative, «*" positive or negative. 

218. It will only be necessary to discuss the case where m" is 
negative ; for, if m" is positive, it may be shown, as in Art. (316), 
that the equation will represent the same surfece revolved 180° 
about the axis of Y. 

This being the ease, equation (4), Art. (203), takes the form 







I). 


ntjrsed 


.ing the surfjice, as in Art. (216), w 


e have 


-pz' 


= m"h...{2), iw' = — m"x + nk'', 


ny^ = 



The first is die equation of an hyperbola always real, and liaviog 
its transverse axis on the axis of Y when h is positive, and on the 
axis of Z when h is negative, Art. (105). The other two are the 
equations of pai'abolas, the first extending indefinitely in the di- 
rection of the negative abscissas, and the second in the direction 
of the positive abscissas, Art. (^71)- 

By making A = 0, /s = 0, ff ^ 0, we have for the 
principal sections 

«)/' — pT? = (3), ^= = — m,"x, ny^ = rn,"x. 

The fii'st may bo put under the form. 

H}f = p>i\ or y = ± s\/-, 

which reprGsents two right lines passing tiiroiigh the origin. Tlie 
other two represent parabolas each equal to those cut out by the 
corresponding parallel planes. 

From this, it appeara that the surface is unlimited in all direc- 
tions ; that the sections by one system of planes are hyperbolas, 
and by the other two, parabolas. Tt is therefore called a kyperhoUe 
paraboloid. 

It has no particular case. 
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We have seen above that the plane YZ intersects the surface 
in two right hues represented by 
equation (3), and that anj' plane par- 
allel to YZ, intersects the surface 
in an. hyperbola, the projection of 
wh-ich is represented by equation 
(2), If we ilenote the ordinate of 
any point of one of these right lines 
^y y\ *o distinguish it from the 
ordinate of a point of the curve corresponding to the same value 




Subtracting tMs equation, memher by member, from equation 
{2), we have 



whence 



n{y + y') 



Now as 2 is increased, y and y' are both increased, and y ~ y' 
becomes smaller and smaller, and when y and y' become infinite, 
y — y' becomes 0, or the two points coincide ; that is, the right 
line continually approaches the curve and touches it at an infinite 
distance, or is an, a.fymptote, Art. (161), Hence, the two right hnos 
represented by equation (3), will be the asymptotes of the pro- 
jections of the hyperbolas cut out by the planes parallel to YZ, 
Or, if two planes be passed through these hoes and the axis of X, 
the plane which cuts from the surface an hyperbola, will cut from 
tlieso planes, linos which will be the asymptotes of the hyperbola. 



NTERSECTION OP StJRPACES ( 
ORDER BY PLANES. 



' THE SECOND 



219. Tt lias been p 
a surface of the seco 



ived, Art, (200), that every intersection of 
1 order, by a plane, is a line of the second 
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order. TJie discussion of the nature of tteac sectiona, except wlieu 
tliey are parallel to one of the co-ordinate planes, is much, simpli- 
fied by referring them to axes at right angles, in their own planes. 
For the purpose of this discussion, lot us resume the general 
equation, Art. (202), 



in which the origin is at 
the intersection of 
two principal pJanes, 
Art. (aoe). Let any 
plane he passed in- 
tei'secting the surface, 
and let A'X' be its 
trace on the plane 
XY, making an angle 
^ with the axis of S, 
and let fl denote tte 
angle made by this 
plane with the plane 
XY. 

For any point of the curve of intersection, i 
have 



= (1)- 

e point A, on the line AX, this being 




: AP', 



: PP', 



: MP. 



a A'Y', 



Let this point be now referred to the two axes 
at right angles to each other and in the plane of the curve. 
Through P draw PN perpendicular to A'X', and PO parallel to 
AX ; also draw N8 perpendicular to AX. Join M and JS", then 
the angle MNP = 5. JDenote the distances 



AA' by a\ 
e shall Imve 



A'N by a', MN by y\ 
-h A'S + OP, ?/ = NS - 'is 
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The riglit angled ti'iangles MPN", A'SS, and PON, give 

s = 2/' sin 6, NP = y' cot fl, A'S = a:' cos /3, 

NS = ar' sin ^, NO = NP eoa 0, PO = NP sin ^. 

Substituting these values in the preceding equations, we olitain 

a; = a' + ck' cos /3 + S-' cos J sin /3, y = a:' sin ^ - y' cos ^ cos /3. 

If these values, with the value, z = y' sin 6, be substituted 
in equation (1), the result can only belong to points common to 
the plane and surface, and will therefore represent the line of in- 
tersection. Making the substitution and reducing, we obtain 

(nicos* ,3 + B sin' /3)ai'= + [coa' fl(m sin^ /3+ w coa' /3) +^ sin^ fl] y'^ 

+ 2{m -n) sin /3 cos ^ cos 6 ^j('+ cos /3(2ma'+ m")x' 

-H cos fl sin ^{2a'm + m")y'+7m.''' + ^'V+ ? =.0...{2). 

By assigning proper values to a', we may always cause the 
plane to intersect tlie surface, and by assigning proper values to 
/3 and ^, we may cause the above equation to represent the several 
varieties of lines of the second order. 



220. For instance, let it be required that the intersection shall 
be a right line or lines. 

If it is possible to cut a riglit line from the surface by a plane in 
any position, the same right line may be cut out by a plane per- 
pendicular to the plane XY, For it is only neoessaiy that the cut- 
ting plane should occupy the position of the plane which projects 
the line on the co-ordinate plane XY. We may therefore regard 
d in tlie above equation as equal to 90°, which gives 



id see if it is possible to give such values to a' and /3, ; 
lake the equation represent one or more right lines. 
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221. For those surfaces which have a centre, we may aho re- 
gard ffi" = 0, Art. (203). Sul)8ti tilting this value with the 
above, for cos 6 and sin fl, in equation (2), Art. (219), and omit- 
ting the dashes of a; and y, it redutea to 

(mays" 13 -i- n sin^ /3)ar' + py= + 2a'm cos p.:c + ma"' + i = 0. 

Solving tliis with reference to y, we have 

y^ ±\/- i[(™cos^0+«sin'/3)^>^-)-2ma'cos/3^-f-™a'=-|-q...(l). 
V p 

In order that this represent one or more real right lines, it is 

uecDssary that — - shall be positive, and that the factor within 

P 
the parenthesis shall be a perfect square. Art, (178), which re- 
quires 

P < (2), 

(mco." ,3 + »Bin-/3)(~.» + () = «-a" ««■ /J (3). 

Deducing llie value of <*' fiom the last condition, we obtain 

.'^^^IT^^E^M. (4). 

Since p is positive in the ellipsoid, Ai't. (209), condition (2) can 
not be fulfilled ; whence the conclusion, that no right line can be 
cut from iliis su-rfaee. 

Since ni, n and I are positive in the hyporboloid of two nappes. 
Art. (211), the valne of a' will be imaginary for all values of ^. 
Condition (3) can not then be fulfilled, and no right line can be cut 
from, this surface. 

Since w. and I are positive and n and p negative in the hyper- 
boloid of one nappe. Art, (213), condition (2) will he fulfilled, and 
the values of a' will be real for all values of /3 which give 
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n sin= /3 < m cosi' /3, or taug^ /3 < — , 

■ and equation (1) will then represent two real right lines which in- 
tersect, Art. (l78). Hence, an infinite number of right lines may 
be cut from the surface of the liyperholoid of one nappe by planes. 



222. If we take tlie value of V'la'^ + I from condition 
(3) of the preceding article, and substitute it in equation (l), ex- 
tract the square root of the factor ■within the parenthesis, and sub- 
stitute in the result the value of a', from equation (4), we sliall 







s totly n\]]ne 

By chano ng /a to 3 
we shall ohti It o « 
tl e e J at ons of two other 
) es t out by anoti r 
pi ne The 1 es tot 
by two different planes are 
not parallel ; for the cul^ 
ting planes, which are also 
their projecting plivnes, are 
not parallel. Neither can 
they intersect, for if they 
intersect at all, it must be in the perpendicular to the plane XY, 
at the point P ; and if we substitute A'P for x in the equation of 
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tlie first set of lines, and A"P for x m tte ocjuation of tlie seeoiiJ 
Bel, we nmst obtEun tlie same value for y in eaeh case. But de- 
noting tie distance PO by d, we have 



and these vaJiies being substituted for x, eacb in equntion (1), will 
give values which are u 



223, For those surfaces which have no centime, we may regard 
m and I as equal to 0, Art. (203), Substituting these values with 
cos fl — 0, sin fl = 1, in equation (2), Art. (319), and omit- 
ting the dashes of tfie variables x and y, it reduces to 

Solving this with reference to y, wo have 



y = ±\/~ l{«sin^/3.r^ + ™" cos /-fo + m'V) (1). 

V 2' 

In order that this shall repreaent one or more real right lines, 
we must have, as in Art. (221), 



,.,(3), 

^"'^' (3); 



In the elliptical paraboloid, n and p ai'e both positive, Art, 
(216), condition (2) can not be fulfilled, and no right line can be 
cut from the surface. 
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la the liypei'bolic paraboloid, n is positive and p negativa, Art. 
(213) ; condition (2) is fulfilled, the value of a' will be real, and 
fullii condition (3) for all values of fi ; and an infinite number of 
riglit lines may be cut from this surface by planes. Snbstitutiiig 
t!ie value of a' in equation (l), and extracting the square root of 
the quantity within the parenthesis, we obtain 

which will represent the two right lines cut out by any plane 
making the angle ,S with the plana XZ. By changing ,3 into /3', 
we shall obtain the equations of two other right lines cut out by 
another plane. 

It may be proved, as in the preceding article, that the lines cut 
out by two dilferent planes are not parallel, and do not interaect. 



22i. The preceding discussion of the rectilineal sections of sur- 
faces of tlie second order, enable us to classify these surfaces as 
Ihey are classed, in Descriptive Geometry. This classification is : 

1. Plam surfaces, which may be generated by a right Kne 
moving along another right line and parallel to its first position. 

2. Single cui-ved surfaces, which may be generated by a right 
line, moving so that its consecutive positions shall be in the same 
plane. 

3. Double curved surfaces, which can only be generated h\- 

4. Warped surjaees, which may be generated by a right line, 
moving so that ite consecutive positions shall not be in the sam? 
plane. 

The cylindrical and conical surfaces are sinffle curved, sa the con- 
secutive elements of the first are parallel, Art. (74), and those of 
the second intersect, Art. (77) ; that is, ace in the same plane. 
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The ellipsoid, hyperboloid of two nappes, and elliptical parabo- 
loid, are double curved ; since no right line can be cut from them, 
Arfs, (2'21), (223) ; that is, no right line can be so placed as to lie 
wholly in either surface. 

The hyperljoloid of one nappe, and hyperbolic paraboloid, are 
■warped ■ since the right lines cnt from the surfaces by consecutive 
planes are not parallel, neither do they intersect, Arts. (222), (223), 
and therefore can not lie in the same plane. 



225. If it be required that the intersection represented by 
equation (2), Art. (219), shall be a circle, it is necessary tliat the 
coefficient of !c'y' be equal to 0, and that the coefficients of x'^ and 
y'* be equal to each other. Art. (169). This requires 

2(m - «) sin /3 cos /3 cos fl = (I), 

m cos= ^-1- ™ sin^ ^ = cos=i(m sin« /3 +«cos= (i) + p sin'fl (2). 



The condition (1), (m and )i being in general unequal), may I 
satislied by making either 

sin (3 = 0, cos ^ = 0, cos S = 0. 

Sin /3 = substituted in condition (2), gives 

m = n cos= S + p Kin= d = m(sin'i 6 + cos' i), 
since siii= fl + cos* fl = 1. Prom this we deduce 
m tang'' S + m = n + p tang^ d. 



tang a = ±\/£-^ 
ndar way we find 



»*i = 



.V^... 
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tang /3 = ± \ 



In tlie fii'st case, the cutting plane is parallel to the asis of X ; 
in the second, parallel to the asis of Y ; and in the thiid, parallel 
to the axis of Z. 

It may be remarked tliat if any position of the cutting plane be 
found to give a circle, every parallel' plane intersecting the surface 
will also ^ve a circle. For if the angles ^ and S remain the 
same, al may be changed at pleasure, ivitliout atfectiiig the equality 
of the coefficients Of x'^ and y'\ 



226. 1% the ellipsoid, in which m, rt and p are i>ositIve, Art. 
(209), in order that tte first set of values of tang 3, {equation 
(8), preceding article), maybe real, we must have 

n> m> p, or p > m > n. 

In order that the second set may be real, we must have 

p > 11 y iTi, or in y n -;> p. 

In order that tlie values of tang ^ may be real, we must have 

n> p> m, or »i > P > n. 

s evident that no two of these conditions can be fullilled iit 
the same lime. 

If either of the first is fulfilled, we 
shall have, [see expressions for a, 6, 
and c, Art. (209)], 

CE>CB>CD, or CE<CB<CD. 

Hence, the mean axis of the sur- 
5 of X, to which tte cutting plane is pai'allel. 
If either of the second is fulfilled, we shall have 
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CB > CE > CD. or CB < CE < CD, 

and for either of tlie tliird 

CB > CD > CE, ov CB < CD < OE. 

Hence, a cutting plane passed parallel U> the mean axis of tha 
surface may have two positions, such that the sections eliall be 
circles, these positions being deteiinJiied by the two proper values 
of tang i or tang ^ ; and in no other position can the section 
be a circle. 

If m = m, both seta of values of tang i become 0, and 
tang ^ becomes imaginary. Hence the two cutting planes unite 
in one, parallel to XY, or perpendicular to the axis of Z ; as sliould 
be the case, since the surface becomes an ellipsoid of revolution, 
ite axis lying on the asis of Z, Art. (210). 

!£ n ^ p, the ficst set of values of tang S become imaginary, 
while the second and those of tang 13 become infinite, and the 
cutting plane is perpendicular to the asia of X, Art. (210). 

If m, = n = JJ, t!ie valuai of tang 6 and tang (3 become - , 

indetemiinate, and every position of tho cutting plane gives a 
circle, as it should, since the surface becomes a sphere. 



22T. In IM hyperholoid of (wo nappes, in which Jit and n are 
positive and p negative, the values of Art. (225), after giving to 
the lettere their proper signs, become 

tangfl = ±\/-'Lr.Jl, tang a = ^V "" ~ *" . 

^ m + p ^ p + n. 

tai-,g/3 = ±\/ ~^ + '" ■ 
The values of tang /3 are imaginary. 
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e first set of values of tang 6 is real, and tliu 
second imaginary. If m > n, the 

we have e >■ 6 ; and if m > n, 
we have e <_h. Art. (211). Hence, 
in this surface, tlie cutting plane 
must te parallel to the longest of 
the two axes which do not intei'sect 
the surface. 

If m. = m, tlie values of tang 6 
become 0, and the cutting pianos 
unite in one perpendicular to the Asi& 
of Z ; as thej" should, since in this 
en^e, we have the hypevboloid of revolution of two nappes, 
Art. (213). 

Since the atwve values of tang i do not depend upon I, they 
will remain the same when I = 0, Art. (212), that is, in a 
cone with an elliptical base, it .is always possible to pass planes in 
two different directions so as to cut circles. These are called sub- 
contrary sections. If one of them be regarded as the base of the 
cone, the other will be sub-contrary to the base ; that is, in a scalene 
cone with a circular base, it is alwai/s possible to pass a system nf 
planes not parallel to tlie base, which shall cut out circles. 

If the cone is a right cone with a circular base, it is a surface 
of revolution, and the sub-contrary sections unite in one, perpen- 
dicular to the axis or parallel to the base. 



228. In the hypcrloloid of one napjie, in which 7, 
I and p negative, we have 



W- 



tang j3 - 
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Tlie first ai'6 imaginary. 

If Ji <; p, tlie second will hi real and the third imaginaiy, 
and tlie I'ovei'se when n > jj. 
If K < JJ, we have 

5 = CD > a = OA, 

and if n > _p, we have 

CD < GA. 

Hence, the cutting plane is par- 
allel to the greatest of the two axes 
which pierce the surface. 

If n = p, the above real values of tang 6 and tang fi 
become infinite and the two planes unite in one, perpendicular to 
the axis of X, Art (214). When the surface becomes a cone, the 
discussion is similar to that in the preceding article. 




229. In ike elliptical paraboloid, in which ra, = 0, 
p positdve, the values of tang d and tang ^ become 




^v/^.- 



The first are imagmary. If n <^ p, the second are rea] and 
the third imaginaiy. If ra > p, the reverse vn\\ be the case. 
Hence, the cutting plane must be parallel to the greater axes of 
the elliptical sections, Art. (216). 

If n =: p, the above real values become infinite and the cut- 
ting planes unite in one perpendicular to the axis of X, Art. (217). 



230. /re the Kyperholic paraboloid, 
positive and p negative, we have 
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tang d = ±y - , titng fl == iy- 
tang/3 = ±sj 1—. 



second and tliivd are iraagiiiavy, and the first real, and die 
n of the cutting plane will be given by the equations 



n /3 = 0, tang fl : 



.sj^- 



But these values with the value in ^ 0, substituted in con- 
dition {2}, Art. (225), make the coeflioients of s'" and y'^ both 
equal to 0, and equation (2)pf Ait (219), takes the form 

e« + _/ = 0, y indeterminate, 

which represents a right line. 

Since any plane parallel to either of the planes determined by 
the above values of sin /3 and tang fl will also cut a right line 
from the surface, we see that tliere are two different systems of 
right line elements, eaoh of which is parallel to a given plane. 

"We conclude, also, that no circle can be cut from the hyperbolic 



2.11. The intersection of any two surfaces of the second order 
may be found as in Ait. (62) ; but as their equations are of the 
second degree, the result of their combination, so as to eliminate 
one of the variables, will be of the fourth degree ; hence, in gene- 
ra!, the projections of the lines of intersection will be lines of the 
fourth order, the discussion of which will be complicated and of 
little interest. 

If, however, it is known that two such surfaces intersect in a lino 
of the second order, it will, in general, bo found that they will Jilso 
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iateraeel m another line of the second order ; that is, if one sur- 
face mlers the oth^ in a line of the second order, il will leave it in a 
line of the same ordei: 

To prove this, let ua take the moat general eijuationa of the two 
sm-fecea, 

mx^ -\- ny^ -\- pz^ + m'unj + n'xz + p'y^ 

+ in"x+ n"y + p"z + I = (1), 

2*= + ri/ + sz^ + g'xy + r'xs + .'I'l/z 

_|_ 3"^ _|_ ,."y -I- s"s + I' = (2), 

and let the plane of tho curve in which it is known the two sur- 
faces intersect be taken as the plane X¥. 

If we make e ^ 0, in each of tho above equations, wo shall 

mx^ + wf + m'xy + r->:'x + n"y + I = (3); 

qx^ + ry= + q'xy + q"x + '}-"y + ? = (4) ; 

each of which must represent the known curve of intersection of 
the surfaces. These equations must tlien be the same, which can 
only be the case when the corresponding coefficients are equal, or 
when those of the firet equation are equal to those of the second 
multiplied by a constant factoi', as k. If we now multiply equation. 
(2) by k and subtract from equation (l), we obtain 

(y - Jcsy + (to' - Jt')jk + [p' — ks')!/x + (p- - ks")i = 0, 

which equation must be satisfied for al! values of x, y and i, be- 
longing to points common to the two surfaces. Since s is a com- 
mon factor, it may be satisfied by placing 



(^ _ J.,)s + (j,' _ kr')x + {p' - kf<'),j + {p" - ks") = b. 
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: = evidently belongs to the plane XY, in which the tnown 
line of intersection lies. The other is the equation of a plane, Art. 
(67), which by its combination with either (1) or (2), will give 
another line cornmon to both surfaces, and this line must, of course, 
he one of the second order, Art. (200). 



232, Let x", y" and i" he the co-ordinates of a given point on 
a surface of the second order. Tliese when substituted for the' 
variables in the general equation 

raa^a + ny' + ys^ + m"iX: + I == (1), 

must satisfy it, and give the equation of condition 

mx"^ + my"' 4- X'* + "*"^" + ^ = ** (2)- 

Subtracting this, member by member, from equation (1), and 
factoring the t«rnis, we have 

m(s - :c"){x + x") + «(y - ^"){y + y'') 

+ X^ ~ s")(^, + z!') + ^"(^-^ *") = (3), 

which is the equaiaoh of the surface, with the condition introduced, 
that the point x", y", z" shall be on the surface. 

The equations of any right line passing through the given point, 

(. - 1") = .(. - J"), v-r = H' - '■') (4). 

If these equations be combined with equation (3), wc sball obtain 
[z-z'')lvu^{x + ^') + nb(y+r)+pi!' + ^':) + ^"<q = (6), 

in which a-, y and n: must denote the co-ordinates of all points com- 
mon to the line and surface, Art. (58). Since tiis is an equslaon 
of the second degree, there are but two such points ; and these may 
be detei-mined by placing the fectors of (S) separately equal to 0. 
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wliicli evidently bolong to tLe given point. Placing 

ma{x + a/'} + nb{y + y") + }.(! + i") + »."« = (8), 

a;, y and * in this must represent the co-ordinates of tlie second 
point in which the line pierces the surface. 

If now any plane t* passed through this right line, it wiH cut 
from the surface a line which will contain both of the points ; and 
if the second point be moved along this line until it coincides with 
the first, the right lino will become tangent to the line out from the 
surface, and the values of ^, y and x in equation (6), will become 
equal to x", y" and %". Substituting these values in equation 
(0), it becomes 

'ifimx" + 2nby" -(- 2p-(" + m"a = (7), 

an equation which Bho\vs the relation that must exist between a 
and b, in order that the right hne represented by equations (4) may 
be tangent to a line of the surface at the given point ; and since a 
and b in this equation ai'e indeterminate, it follows that an infinite 
number of right lines may be drawn, each tangent to a line of the 
surface at the g^ven point. 

If now in equation (7), we substitute for a and h tlioir values 
talien from equations (i), we obtain 

(2»iiK" + Tn."){x — 3") + 2ny"{;y — y") + 2pi"{z — x") = 0, 
or, since from equation (1), 

— 2mx"^ — 2»y"' — 22>z"^ =^ Im/'x" + 'll, 
we have finally, 

%m3i"x + 1iiy"y + 2yj"2 + m"{x + x") + 2/ = (S), 

an equation which expresses the relation between x^ y and a for all 
points of the tangent line in all of its positions. The surface repre- 
sented by it, is then the locus of all right Jinca drawn tangent to 
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1 ot tl e f'wi a the given poiat, or point of contact. This 
equation be ng of the first degree between three variables, is the 
eq^iiatun of i j^K e This pifule is said to be tangent to the sur- 
face at the gi en po at ; and in general, a plane is tangent to a 
suface take t Ao! at least one jxdnt in common with it, through 
jikich /ay plane he passed, t/ie sections made in the sw/ace and 
J la e tall be tanget t to each other. 

Foi those bTirtacea which have a centi-e, the Origin of co-ordinates 
being placed at this centi'e, we have m" = 0, Ait. (203), and 
equation (8) reduces to 

mxa" +.ng^j" + pxz" + I = (9). 

If m = n = p, equation (9) becomes 

XX" + yy" + XZ" z= = W, 

for the equation of a tangent plane t« a sphere, Art. (210). 

For those suifaces which have no centre, m = 0, ; = 0, 
Art. (203), and eqnafJon (8) leduces to 

2«y,v" + 2i^.~." + m"{^ + x") = 0. 



233. Let x', y' and %' he the co-ordinates of a fixed point 
without a sui-foce of the second order. If it be required that the 
tangent plane to the sui'fece sUaU pass through this point, its co- 
ordinates must satisfy equation (8), of the preceding article, and . 
give the equation of condition 

2»M'V -1- 2nyy + 1fz"t' -1- m<'{x'. + x") ^11= (1). 

In this equation a", y" and s" are unknown, but since the point 
vhicb ttey represent must lie on the surface, we must also 
have the condition 

mx"^ + «>/"= -f p%"^ + m"x" -f I = (2), 
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and tliGse two eijuations aiP ill tLe mcins wliieli, ^^'e Lave of dc- 
terminiDg tlie valuea of e", y" and ss' , and since we thus have 
three unknown quantities, and but two equations, it follows that 
the unknown quantities are xnieUrmiiiaU. Hence we conclude 
that, in general, an infinite number of planes can be drawn from a 
point witJiout a surface of the second order tangent to the surface. 
If straight lines be drawn, from the different points of contact of 
these planes, to the fixed point, they will evidently fonn a cone 
which will be tangent to the surface, in the line formed by joining 
the points of contact. But since the co-ordinates of these points 
must all satisfy equation (1), when substituted for a", y" and i", 
the points must he in the plane which wiil be represented by this 
equation when a^', y" and %" are i-egaried as variables. This curve 
of contact must then be a plane curve, and since it lies on the sur- 
face at the same lime, ii must be a line of tlie secomi order, Art. 
(200), We therefore conclude that, in general, the line of contact 
of a tangent cone and auiface of the second order, is a line of the 
second order. And the same ivill be ti-ue of a tangent cylinder, in- 
asmuch, as the cone becomes a cylinder, when its vertex is re- 
moved to an infinite distance. 



234. If it be required that the tangent plane pass through a 
second given point a:"'j y'", z'", without the surface, or contain 
the right line joining these two pointe, we shall also have the equa- 
tion of condition 

2mx"x"' + '2ny"y'" + 1px"%"' -f m"{j: -J- ^ ) -[- 2/ = 

and this united with equations (1) and (2) t the prece hng irtiele 
will give three equations involving thi-ec unknown quintit es a 1 
since two of these equatiouij are of the first a d tl e tl ei f the 
second degree, there wiil in general bo two seta of \ allies io r 
y" and a". Hence we conclude that, in g ne Its jlii i •, 
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tie passed tlirough a rigtt line tangent to a, surface of C 
order, and only two. 



235. A riffht line, or a plane, is normal to a surface when U is 
perpendicular to a tangent plane, at the point of contact. 

There evidently can be but one normal line ta a surface at a 
given point ; but, since every plane containing a normal will be 
perpendiculai' to the tangent f lane, tliere will be an infinite num- 
ber of normal planes. 



2S6. The equations of a normal line, to a surface of the second 
order, will be of the form, Ai't. (50), 

^ - ^' = «(j - z'% y-y" = h{z - i;") (1), 

in which it is necessary to determine the values of a and h on con- 
dition that the line shall be perpendicular fo the tangent plane 
representPcI by equation (8), Art. (232). The equations of con- 
dition, Art. (59), 



and these, in equations (l), give 

pt" 
for the equations of a normal line to any surface of the second 

By supposing m" = 0, we shall have the particular equa- 
tions for those suifaces which have a centre ; and by making 
m = 0, we have them for those sui'faces whicb have no centre. 
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If n ^ p, equation (2) reduces to 

ys" — y"z = 0, 

which, Laving no absolute term, shows that the projection of the 
normal on the plane YZ passes through the origin of co-ovtii nates ; 
hence the normal intersects the axis of X. But when m = p, 
the surface becomes one of revolution, the axis of X being the axis 
of revolution. Arts. (210), {2U), (217). ■ We therefore conclude 
that all the normals to a surface of revolution of the second oi-der 
intersect the axis of revolution ; and that tlie meridian plane, pass- 
ing through the point of contact of a tangent plane, is a normal 
plane: Or, a tangent plane to a feur/ace of revolution of the second 
order is perpendicular to the meridian plane passing through ike 
point of contact. 



PRACTICAL EXAMPLES. 

Although examples have been occasionally ^ven, in im- 
i connection with the articles which they are intended to 
illustrate, it is believed to be advantageous to add, in this place, a 
number of othere, a portion of which the teacher may give out 
with each lesson ; or may defer them until the subject has been 
completed, when their solution will serve as a general review of 
the principles of the eoui'se. 

Each example should be carefully constructed, on the black 
board, in proper propoition, a unit of convenient length being firat 
assumed ; or, when it can be done, should he accurately drawn on 
paper, with mathematical instruments. By this exercise, the 
prindples of the subject will be strongly impressed upon the 
mind of the pupil, while, at the same time, a good test of hia 
knowledge will be afforded to his teacher. 

The axes of co-ordinates are supposed to bo at right angles, un- 
less otherwise mentioned. 
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Tho tc^olier may multiply tlio examples to an unlimited extent, 
l)y simply substituting, tor tlie numbers used, any others which 
may occur to him. 

1, Construct the points whose equations are, Art. (16), 

a: = 2, y^-l; x = ~ I. 'J ^ i; 



2. Find the expressions for the distaiiecs hetwoen the points, 
ivhose equations are, Art. (17), 

x' = 1, ^' = 3; x" = 0, >/" = — 2; 

3. Construct the points whose polar equations are. Art. (18), 
V = 20°, J- = 5; V = 190° r = 2. 

4. Construct the right lines whose equations are, Art. (26), 

2y ~ 3jt + 1 = 0; 3y — a: = 0. 

5. Find the point of intej'section of the right lines, whose equa- 
tions are as in the last example. Art. (27). 

6. Find tlie expression for the tangent of the angle, included 
by the same lines, Art. (28). 

i. Ascertain if the line.? represented l>y the equations 
2y — 5s — 1 = 0, ij = 3x — 2, 

iire pariillel, or perpendicular to each other, Art. (98). 

8. rind the equation of a right line, passing through the point 
x' =: 2, y' ^= — 4, and parallel to the line whose equation 
is, Art. (30), 

3y + 2x - I = 0. 



Hnst.rlbyGoOgle 



9. FincI the eciuEitioJi of the right hue passing through the 
same point and perpendicular to the same line. Art. (30) ; also, 
the length of the perpendicular, Ait, (17), 

10. Find the equation of a liglit lino passing through tho two 
points, 

11. rind and discuss the equation of a cirele, the co-oidinates 
of whose centre are a^ = 3, y' = — 2 ; and whose radius 
is 3, Art. (34). 

Also, ivheu the co-ovdinates of the centre ai'e s' = — 3, 
!/' = ; and tho radius i. 

12. Find the intersection of the last circle with the right line 
whoso emulation is, Art. (27). 



13. Ascevtaia if the point a: = 1, y = — 2, is on, 
without, or within the circle whoso equation is, Art. (37), 

^» + j,s = S. 

14. Find the equation of a circle which shall pass tlirougli the 
point at = 3, y = — 2 ; the origin being at the centre. 

Also of one passing through the point x =: i, y = 1, the 
origin being at the left baud exti'emity of the diametei'. Art. (38). 

15. Construct the points, in space. Art. (40) ; 



16, Find the expression for tiie distance between the two points 
given in hast example, Art. (42), 

17, Construct tile point whose polar co-ordinates are, Art, (43), 
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u = 35", V = 70°, 

18. Construct tho right line, in space, ■ 
Art. (44), 



and find the equation of its ttird projection. 

19. Find the point of intersection, of the two lines, i 
whose equations are. Art. (i1), 



20. Knd the expression for the cosine of the angle included 
between the lines given in the last example, Art. (49), 

21. Ascertain if tlie lines whoso equations are, 

a: = 23 + 1, y = 3s + 4 ; 

a: = — 22+3, y = z ~ 2; 

are pai-allel, or perpendicular, Art. (49). 

22. Find the equations of a, right line whicii shall pass through, 
the point fli' = — 3, ^ = 2, s' = — 1, and be par- 
allel to the line whoso equations are, Art. (49), 



23. Find the equations of a right line wliieli shall pass throu;;h 
the same point and be perpendicular to the same line, as in the 
last example, Ai't. (49). 

24. Find the equations of a right line which shall paPs Ihruiigli 
the two points, Art. (61), 
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25. Find the intorsection of the two lines whose equations are, 
Art. (53), 

x^ + z^ ~ 5 = 0, s + y ~ S == 0; 

I _ 31 + 5 = 0, z^ + i'j^ - 8y = Q. 

26. Find the er[iiation of a plane whose directrix is represent- 

■41/ — Sa^ 4- 1 = 0, 

the projections of the generatrix making; angles with the axis of Z, 
whose tangents are 2 and — 3, Art (55). 

27. Find the equations of the traces of the jiiano represented by 

2z — 8y + X + i = 0, 
and the pointe in which it euts the co-ordinate axes, Art. (56). 

28. Find the point in which the right line, whose equations are 
a: _ 2s + 2 — 0, 2)/ + 3^ — 1 = 0, 

pierces the plane given in the hiat example. Art. (58). 

20. Ascertain if the same line and plane are jjerpendicular lo 
each other. Art. (59). 

30. Find the equations of a right line passing through the 
point a' = 1, 1/' = — 3, i' := 0, and perpendicular to 
the plane represented by 

3a: — 4y 4- « — 1 = 0; 

also the point in which the line pierces the plane, and the length 
of the perpendicular. Art. (60). 

31. Find the expression for the cosine of tlio angle made by 
the line whose equations are 
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a; = 3j + 5, y = — ^ + 1, 

with the plane given in the last example, Art, {61). 

32. Find the intersection of the two planes whoso equations 
are, Art. (62), 

3k — 6y + 2 = 0, a — y — 31 + 1 = 0. 

Also, the expreasioi! for the cosine of the angle included by the 
same planes, Art. (63). 

33. Kiid the equation of a plane passing through the origin 
of co-ordinates, and tie two pointe, Art. (65), 



a" = 0, y" = - 2, %"^ ~ 1. 

34. The equation of a circle being 

a;» + !/« ^ 9; 

find its equation referred to a system of co-ordinate axes, malting 
an angle of 45° with each other, the new axis of X being parallel 
to the primitive, and the new origin being at the upper cxtreraity 
of the vertical diameter, Art, (67). 

35. Find the general equation of the circle referred to any set 
of oblique co-ordinate axes. Art. (67). 

86. Find the general polai' equation of the right line, Art. (69). 

37. Find the equation of a cylinder, the equation of the di- 
rectrix being, Art. (75), 



d the elements being parallel to the l)n( 
a! = 2j -f 4, 1J - 
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38. Find the intersection of the cylinder of the preceding ex- 
ample by the plane whose equation is, Art, (62), 

Sa; — 22/ — 3si + 2 = 0, 

39. Find the general equation of a cylinder, with an ellipticiil 
base, the origin of co-ordinates being at the centre of the base, 
Art. (75). 

40. Find the equation of a cone, the co-ordinatea of the vortex 
being a' ^1, y' E= 2, »' = — 3, and the equation of 
the directrix, Art. {11), 



41. Find the intersection of the s: 
equation is, Art. (62), 



42. Find the equation of a light cone, the equation of the di- 
rectrix being 



the altitude being 5, Art. (77). 

. 43. Intei-sect the same cone by a plane passing through the 
axis of Y and making an angle of 46° with the base, and find tho 
equation of the intereection in its own plane, Art, (81). 

44. Find the general equation of a cone with a hyperbolic base, 
the origin of co-oidinatea being at the centre of the base. Art, (77). 

4B. Construct tlie parabolas whose equations are, Arts, (85), 
(86), 

46. Ascertain whether the point a/ = -• 3, y' = S, is 
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without, on, or witliin each of the parabolas given in the preceding 
example, Art. (87). 

47. Find the equation of a parabola which shall pasa through 
the point x" = 3, y = 5, Art. (29). 

48. FiDd the intersection of the circle and parabola whcso 
equations are, Art. (27), 

e' -j- y' = 6, y^ 1^ 2x. 

49. Find the equation of a tangent to the parabola y^ =^ — 2,r, 
at the point y' = i, x' = 8, Art. (90). 

Find also the equation of a normal at the -same point, Art. (98), 

50. Find the equation of a tangent to the parabola y* = ix, 
and parallel to the right lino whose equation is, Arts. (30), (!>o), 



51. Find the equations of the two tangents to the parabola 
represented by y" = 6ie, which shall pass through the point 
«■ = 1, y = i, Art, (S3). 

52. Find the equation of the polar line to the point c = 2, 
^ = 1, for the parabola represented by j/^ = 3x, Art. (95). 

53. The equation of the polar line to the same parabola being 

y = X + 2, 
find the co-ordinates of the pole, Art. (95), 

54. The equation of a parabola being y' = ix, find its 
equation when referred to a diameter and tangent at its vertRx, 
the tangent making an angle of 45° with the axis, Art, (99), 

55. Determine the axes, and construct the ellipses, whose 
equations are. Art. (106), 

2^* + 3x'^ = i; i'/' + x^ = d. 
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56. Detemiine the axes .and construct tlie hyperbolas, whose 
equations are, Art (107), 



57. Ascert^u whether the point a' = 2, y' ~ 3, is 
without, on, or wjthin each of the curves given in the last two ex- 
amples. Arts. (109), (110). 

58. Jind the equation of an ellipse which shall pass through 
the point x' ^=3, ^' = 2, the, origin of co-ordlaates beings at 
the centre, and the semi-tvansverse axis equal to 4, Ai-L (125). 

50. Find the equation of an hyperbola which shall pass 
through the point a:' = — 3, y' =. — 2, the origin being 
at the centre, and the semi-conjugate axis equal to2. Art, (126), 

60. Bind the intellection of the ellipse and parabola, whose 
equations are, Ai-t. (27), 

2!/= -t- Ax^ = %, y^ = ~ 5«. 

61. Find the intersection of the ellipse and hyperbola, whose 
equations are, ArL (27), 

3yi -f a:' = n, 2y-> ~ Zx^ ^ ~ 6. 

62. Find the equations of a tangent and normal, to the ellipse 
represented by 

4y^ -f a;= = 0, 

at the point x" = \\ /' = V^ Art. (128). 

63. Find the equations of a tangent and normal to the liyper- 



4y2 — 2.T' = — 8, 
■ "/s, y" = V2, Arts. (131), (30). 
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64, Find tlie equation of a tangent to the ellipse 

4y= 4- 0,^'' = 36, 

mid milking the angle 45° with tho aj^is, Arts. (30), {128). 

QS. Find the equations of the two tangents to the ellijjse re- 
[n'esented by 

4y' + ax^ = 12, 

\\liich shall pass throngh the point a' =1, y' = 4, Art. (133). 

66. Jlnd tho equations of Die two tangents to the hyperbola' 
represented by 

,f — asi" = — 5, 
which shall pass through the point s' = 2, j' = 3, Art. (134). 
6J. The equations of an ellipse and its polar line being 
4i/= + 2a:' = 8 ; y = 2x + 6, 

find tho co-ordinates of the pole, Art. (139). 
68. The equation of an hyperbola being 
3^" — 2.r2 — — 6, 

fiud the equation of the polar line of the pole c = 4, d = 0, 
Art. (140). 

09. Construct an ellipse, the two conjugate diametci-s of which 
are 6 and 4, making an angle of 120° ; also an hyperbola having 
tlie same conjugate diameters. Art. (150). 

.VO. Find the position and length of the equal conjugates di- 
ameters of the ellipse, whose equation is, Art. (159), 

iy" + Si:' = 12. 

1l. Construct the asymptotes of the hyperbola. 
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i^f — 2s' = — 8, 

and find its equation when refcn-ed to thorn, Art. {161). 

V2. Construct the hyperbola whoae equation is, Art. (170), 

2^y + 3y + a - 1 == 0. 

?3. For examples illustrating the discussion of the general 
equation of the second degree between two vaiiablcs, see Arts. 
(173), (176), (179). 

74, Ascertain if the line represented by the equation 

i/ — x^ -^ 2x — 3 = 0, 
has a centre, and determine its co-ordinates, Art. (181), 

75. For examples relating fo loci, see Avt. (194). 

76, Find the equation of the surface generated by revolving 
the light line whoso equations are 

4.1: = St + 2, iy — — X + 6, 

about tho axis of Z, ArL (196). 

77. Find the equation of the paraboloid of revolution generated 
by tho parabola represented by, Art. (198), 



78. Find the equations of the spheroids, generated by the 
iby 



79. Find the equations of the hypcrboloids, generated by the 
hyperbola represented by 
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80. FiDft the equation of the surface generated by revolving 
tto parabola represented by 



81. Find the equations of the surfaces g(;nerated by revolving 
the lines represented by 



about the a.";is of Y. 

Abo tlie surface generated by revolving the first line about the 
axis of X. 

82. Find the position of the planes which will make circular 
sections, Art, (226), in the ellipsoid whose equation is 



Find the position of the planOs which will make circular 
, Arts. (227), (228), in the hyperboloids whose eqaations 



84. Find the position of the planes which will mako c 
sections, Art. (229), in the paraboloid whose equation is 



85. Find the equation of a tangent plane. Art. (232), to t 
ellipsoid, whose equation is 

ix^ + 2?/* + j;' = 10, 

at the point whose co-ordinates are x" =; 1, y" = — 
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INDETBBMIKATE ■ 

Also the equation of a normal line, Ait. (230), at tlwi s 



iB. find the equations of the tangent planes, Art. (232), and 

mal lines Art. (236). to the hyparholoids wiioafe equations iire 

2.i>! + !,3 _ 3js = — 18 ; a.r» — 2y' — t« = — 7 ; 

at the point of the first, represented by x" ^2, y" ~ — 1, 
»" ^ 3 ; and at the point of the second, represented by 
X" = 2, y" = - 3 ; i" = 1. 



87. iiind the equations of the tangent planes, Art. (232), and 
normal lines. Art. (236), to the paraboloids whose equations are 

2y^ + 3s' = ix ; Ay^ — t^ = ur ; 

at the point of the first, represented by ic" = 5, ,*/" — 2, 
z" = ■— 2 ; and at the point of the seeond, represMiled by 
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